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Implementation of multi-step differential transformation
method for hyperchaotic Rossler system
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Abstract: - In this work, the multi-step differential transformation method (MSDTM) is applied to approximate a
solution of the hyperchaotic Rossler system. MSDTM is adapted from the differential transformation method
(DTM). In this method, DTM is implemented in each subinterval. Results are compared with a fourth-order Runge
Kutta method and a standard DTM. The results show that the MSDTM is an efficient and powerful technique for
solving hyperchaotic Rossler systems and this method is more accurate than DTM.
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1. Introduction

The behavior of dynamical systems such as circuits,
mechanical devices, population growth, fluid
dynamics, and weather are studied in a field of
mathematics known as chaos theory. A chaotic
system shows sensitivity to any tiny change in the
initial conditions, so it has unpredictable behavior. In
other words, it is impossible to predict the future
behavior of a chaos system unless the initial
conditions are entirely known and accurate. The first
chaotic system, known as the Lorenz system, was
discovered in 1963 by Lorenz for solving equations
describing atmospheric flows [1]. Inspiring from
Lorenz, Otto Rossler proposed a chaos system,
known as Rossler system or Rossler attractor,
resulted from studying a chemical reaction system[2].
This system contains three prototype first-order
diferential equations with three dynamical variables
in defining the phase space and three parameters.
This system has been thoroughly studied by many
researchers; (see [3, 4, 5] for more details).
Continuing his work, In 1979 Rossler proposed
another dynamical system which was made of four
first order differential equations as following (see
[6]).

Hyperchaotic Rossler system is the first four
dimensional hyperchaotic system. This system
contains four prototype ordinary differential
equations as the following
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Where x, y, z, and w are state variables and a, b, c,
and d are positive parameters. It is well-known that
this system exhibits hyperbolic behaviour when a =

0:25, b = 3, ¢ = 1J0:5, and d = 0:05. Here, with
respect to these values of constants a, b, ¢, and d,
Rossler  system is studied by differential
transformation method and multi-step differential
transformation method in order to find its
approximate solutions. see [7, 8, 9] for more details.
This paper is organized as follows: Section 2 presents
some basic concepts of differential transformation
method, facilitating the understanding of the ideas
presented in this work. The multi-step differential
transformation method and some important details
pertaining to MSDTM will be addressed in section 3.
Section 4 is devoted to showing the efficiency and
the accuracy of the proposed method by applying
MSDTM, R.K. and traditional DTM on the Rossler
system and the results are presented in some tables.
So, the results can be compared. Some conclusions
are drawn in section 5.

2. Differential transformation method the basic idea
of differential transform method (DTM) is addressed
in many papers such as [2, 7]. So, knowing the
important properties of this method which are
implemented to achieve our goals are outlined in this
section. Let
P
]r’-:'k':|=i[d _x-._i_)] 1

where y(x) is the solution of differential equation and
Y(k) is the differential transformed of y(K).
Differentian inverse transformation of Y (k) is defined
as follows

¥ix) =Y ¥ (k).
k=0

Therefore, by combining (2) and (3), the following
equation will be obtained.
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In fact, the concept of differential transformation is
gaind from the Tylor series expansion. In order to
understand how this method is implemented in
Rossler system, it’s enough to know some essential
properties of DTM [9].

DIf fix) = gix) £ hix), then F{K) = G(k) £ H{k).
DI fix) = agix), then F(k) = aGlk),

3)If fix) = glx)h(x). then F (k) =¥} (G(IH (k—1).

DI flx) = (x —xp)¥, then F (k) = 8k — p) where
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3. Multistep Differential Transform Method
According to the knowledge one learns from section
2, DTM determines a series solution,by a recurrence
relationship, over the whole domain. This
approximate solution is valid in the neightborhood of
a fixed point t0. Therefore, the series solution always
converges in a small region and this is a drawback of
DTM. In order to enhance the efficiency of DTM,the
idea of MSDTM is introduced. see [7] for more
details and examples. Consider the following system
of differential equations

Dy (1) = filt, 3132, . ¥n):
Dyz(t) = falt, v1.52, . ¥n)s
Dryglt) = falt, v 92, ¥l (3)

subject to the following initial conditions

vilt)=L;, i=12--- n

Where D is the first order differentiation operator.
Let [0;T] be the whole interval in which the solution
of considered initial value problem (5)-(6) is going to
be find. In the multi-step differential transform
method (DTM), the initial interval [0;T] is divided
into M subintervals [tm(11; tm] , of equal step size h=
T M, by using the nodes tm =mh, m=1;2; ;M.
After that, the DTM will be applied in each
subinterval.

For example, in the first step, the DTM is applied to
the initial value problem (5)-(6) over the first
subinterval [0; t1]. Then, using the initial condition
yi(0) = Li, for i = 1;2; _ _ _ ;n, the approximate

solution yi(J1(t), t 2 [0; t1] will be found. For m_2
and at each subinterval [tm(J1; tm]; initial condition
yi;m(tmU1) = yi;mU1(tmd1) will be used. This
process is repeated and it will generate a sequence of

approximate solutions yi;m(t); m=1;2; _ _ _;M, for
i=12; _ _;n. So, the MSDTM finds the solution
as follows
yiilt), 1€ lto.n]
.1"|'.2':r:'- I e :?] .r;]
yilt) =
Vimlt), 1€ :frJ.'—]-rm]-

4. Application
Applying the differential transformation method to
the hyperchaotic Rossler system (1) gives

Xk+1)= ﬁ[—h_ij —Z(k)]
Y (k+1) = o7 X () +a¥ (k) +W(k)]

Z(k+1)= b+ Yi_oX(DZ(k—1)]

1
W(k+1) = | —cZ(k) +dW (k)]

where X(k), Y(Kk), Z(k), and W(K) are the differential
transformations of the corresponding functions x(t),
y(t), z(t), and w(t), respectively. The initial conditions
are given by

X(0)=—-20, ¥(0)=0, Z(0)=0, W(0)=15.

Applying the pertinent inverse differential
transformation procedure, the solutions will be as
follows.
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Implementation MSDTM results in a polynomial
approximation for each state variables, in different
subintervals.

[ xir) = 10497 480607 — 4587 9262:% 4+ 1815092047
633 4187r% 4 189 983007 4+ 47 767 r* 49,5833 407 — 20

¥it) TS5.613T% + 313627425 — 13411177 + 46 926705
141373 =+ 3 58457 + 00678

0.25000 % — 5r 1 & 0,000

z(r} = 2.2504r% — 04813 60018 + IGRIT S21&T — 1275257 1S

57 5
+381 465007 — 95350000 + 1910% — — % + 3¢

wir ) = 5254 662% 7 — 2296666 1% + 908 6329 7 — 317.0049%
95 11 1&S — 23,8157 + 473787 — 073127 £ 0.75r + 15

Table 1: Table 1. Differences between 10-term DTM
and RK4 solutions

7 I IR
Tz EiT = Tow

1 AL = I 1L« IF TOEH « I T 500 = I
2 456081 = 10¥ 3392 = 1 09834 x IF 3066 = 10°
3 1 B8R = 10" 13826 2« 10T A1 = 1P AT o 107
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Table 2: Table 2. Differences between 10-term
MSDTM and RK4 solutions

-

£ = [M5DTM — RE4|

Ha Dy ks Dow
1 0.0D07 0.0003 L0008 0.0002
2 00007 0.0018 L0012 0.0007
3 0.0007 0.0036 0.0015 0.0014
4 00035 R 00012 0.0025
5  0.0D69 0.0034 0,007 0.0034
G 0.ED 0.0001 OO0 0.0041
7 0.DD56 0.0033 00006 0.0047
B 00016 00026 IR 0.0054
o 0.0D01 0.0026 00017 0.0062
10 Ol 0.0093 LG 0.0076
x(r) = B384 2113(r —0.01)% — 3691 55690 — 0018
+ 1465 6100 — 01} — 5122334 — 0.01)%
+153.7301{r —0.01)° — 38.6976( —0.01)*
T FSOT(r — 00137 + 12757 (r —0.01)7 4 002260 — 20,0001
i) 07 960& — 001} + 271.5227(r — 0.01)5
108 453045 — 0.01)7 4 37 9669 — 001}
1144000 — 001} ¢ 2 0100 — 0.01)*
020640 — 00177 — 0. 2as9(r —0.01)%
O SO040r — OO0 r & [0.01,0.02]
olr) = L.T721r —0.01)% — TST29_425(r —0.01)8
+2OEH0. PO (r — 001 )T — 10297 2369 — 0.01)%
3085 _8S00(r — 0L.01)5 T 1.4216(r —0.01)4
F154. 58410 —0.01)F — 2303320 — 00137 + 2.4533r + 00027
wor) = 419692337 (r — 0L01)%* — 1S37_97 12(r — 0.01)8
733 GESZ(r —0.01)7 — 256.429F — 001}
FTE D534 — 001} — 19 2751 — 0.0l
+3.8289(r — 00177 — 0_5949(r —0.01)% 5 0.7T3G7r + 150006

5. Conclutions

In this paper, both differential transformation method
(DTM) and multi-step differential transformation
method (MSDTM) have been succesfully applied to
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compute an approximated solution of hyperchaotic
Rossler system. In spite of requiring more
computations in MSDTM, because DTM is applied
on a thousand subintervals,but more accurate results
are obtained. These results also show that the
approximate solutions obtained by MSDTM are valid
for a long time interval, while DTM fails to achieve
this accuracy.
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