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Abstract:

An analytical solution is presented to determine the stress
distribution around polygonal holes in symmetric
Graphite/epoxy laminates under inplane loading. Basic
formulation given by Savin has been adopted and
enhanced by introducing into it the generalized mapping
function and arbitrary biaxial loading condition. These
features have provided extra dimension to consider any
shape of hole and any kind of inplane loading. The validity
of the solution is cheeked by reproducing the results of
various authors in the literature. This solutions is
extremely useful to study the effect of hole shape, type of
loading, fiber orientation, laminate geometry and stacking
sequence on stress distribution. These parameters are
studied for symmetric laminates containing different
shapes of holes and loading conditions. The results of the
present solutions are satisfactory when compared with the
results in the literature. Results obtained from the general
solution for inplane loading are also validated by FEM
results obtained from ANSYS.

INTRODUCTION

Preliminary Remarks

Fiber reinforced composite laminates find wide
applications in aerospace, under-water, automotive and

many other weight sensitive structures due to their

superior structural properties like, high specific strength,
high specific stiffness, more corrosion resistance and more
thermal stability, etc., over the conventional materials.
Cutouts are made into the laminates for service
requirements that result in strength degradation. In order
to predict the structural behavior of these laminates with
some degree of assurance, it is necessary to study the
effect of anisotropy and type of loading on stress
distribution around the cutouts.The present work is to
derive the solutions for determining the stresses around
any shape of hole in symmetric laminates under remotely
applied inplane loads.
Composite Materials
The word composite in composite material signifies that
two or more materials are combined on a macroscopic
scale to form a useful material. In laminated fiber-
reinforced composites, layers of reinforced material are
built up with the fiber directions of each layer typically
oriented in different directions to get different values of
strength and stiffness.

A lamina is the basic building block in fiber
reinforced composite laminates. A lamina or ply is a plane
or curved layer of unidirectional fibers or woven fabric in

a matrix. It is also referred to as unidirectional lamina,
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which is an orthotropic material in its principal directions.
A lamina is made up of two or more unidirectional
laminae or plies stacked together at various orientations.
The configuration of the laminate indicating its ply
composition is called lay-up. The configuration indicating,
in addition to the ply composition, the exact location or
sequence of various plies is called the stacking sequence.
A symmetric laminate will have an identical
lamina at a particular distance on either side of the mid-
plane. These laminates find wide applications because of
their simplicity in construction and ease of analysis of the
laminate. Unsymmetric laminates are those in which no
mid-plane symmetry will be present. Antisymmetric cross
ply and angle ply laminates are special forms of
unsymmetric laminates.
Mechanical Behavior of Composite Materials
In contrast to the more conventional engineering materials,
the composite materials are often both heterogeneous and
non-isotropic (orthotropic or, more generally, anisotropic).
An orthotropic body has material properties that are
different in three mutually perpendicular directions at a
point in the body and, further has three mutually
perpendicular planes of material symmetry.
An anisotropic body has material properties that are
different in all directions at a point in the body and no
planes of material property symmetry exist. However, in
both orthotropic and anisotropic cases, the properties are a
function of orientation at a point in the body.
For orthotropic materials, like isotropic materials,
application of normal stress along principal material
direction results in extension in the direction of applied
stress and contraction in the perpendicular direction to the
applied stress. Shear stress causes shearing deformation.
Unlike the isotropic materials, the shear modulus is

independent of other material properties.

For anisotropic materials, the application of normal stress
leads not only to extension in the direction of the stress
and contraction perpendicular to it, but also to shearing
deformation. Conversely, shearing stress causes extension
and contraction in addition to the distortion of shearing
deformation. This coupling between both loading modes
and both deformation modes, 1i.e., shear-extension
coupling, is also a characteristic of orthotropic materials
subjected to normal stress in a non-principal material
direction.

Aim and Scope of the Work

The aim of the present work is to obtain an analytical
solution to determining the stress distribution around
polygonal holes in a laminate with layers of arbitrary fiber
orientation and stacking sequence. The solutions obtained
shall consider any shape of hole such as circular, elliptical,
triangular, square, rectangular and several irregular shaped
holes, etc., in symmetric. The solution presented shall
consider various cases of inplane loading, viz., uniaxial
and biaxial stresses.

LITERATURE REVIEW

Preliminary Remarks

Analytical methods of stress analysis greatly facilitate
parametric study and provide benchmarking results.
Lekhnitskii [1] and Savin [2] gave the solutions for
stresses around holes in anisotropic and isotropic plates
using the complex variable method. As on today, the
research on stress concentration problems especially in
fiber reinforced composite laminates is ongoing.

Solutions for Inplane Loading

Anisotropic Case

Lekhnitskii; the characteristic feature of Lekhnitskii's
solutions is the application of series method for
determining the stress functions. A general expression of

the form
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x =a (cosl + & cos NO)

y=a (csin@ — &sin NO)

is used to define circular, elliptical, oval, triangular and
square holes with rounded corners and curved edges. «, ¢,
cand N are the constants determining the size and shape
of the hole. The boundary conditions and stress functions
are taken in series form.

Isotropic Case

Gao

In the general solution for infinite elastic isotropic plate
with an elliptic hole, Gao has considered various cases of
loading through an arbitrary biaxial loading condition. The
stresses are applied about an arbitrary coordinate system
that has been rotated by an angle ffrom another coordinate
system coinciding with the principal body directions. The
biaxial loading factor Agives the ratio of stress applied
along the two coordinate axes in the arbitrary coordinate
system. By taking appropriate values of A and S several
cases of loading are considered in the solution, such as:
hydrostatic tension, inclined simple tension, pure shear,
cracked plate under biaxial tension, loading case in thin
walled pressure vessels.

THEORETICAL FORMULATION

Preliminary Remarks

In the present work, general solutions are presented within
the classical laminated plate theory for two-dimensional
stresses or moments around holes in thin fiber reinforced
composite laminates. The stresses and displacements are
considered in terms of complex stress functions. The given
hole problem is regarded as superposition of two sub-
problems corresponding to a sum of the respective
complex potentials. The first sub-problem consists of the
loaded laminate without hole ensuring remote boundary
conditions. The second sub problem considers the hole,

loaded with those tractions that appear as internal forces

along the fictitious hole boundary in the first sub problem.
Thus the two sub problems together also ensure the
boundary conditions along the hole edge.General solutions
of inplane and bending loads on symmetric laminates are
obtained by introducing the generalized form of mapping
function.
Generalized Form of Mapping Function

In the theory of complex variables, conformal
mapping facilitates representing the area external to a
given hole in z-plane by the area outside the unit circle in
{~plane using a transformation function called the
mapping function. Such a mapping function is given in a

generalized form as:

c—oO)=R[¢ + 3 .
k=1 3.1
where, m, are the constants of the mapping function. The
computer program for each of the solutions is developed
to consider a maximum number of terms N equal to 1 to
19. More number of terms in the mapping function will be
useful in the convergence studies. By introducing the
constants m; for a given shape of hole into the program,
the results for corresponding hole can be obtained. R is a
constant for size of the hole. In the present analysis, the
effect of hole size is not considered and hence R is taken
equal to unity and the stress or moment distribution
obtained is independent of the hole size.
The mapping function in Eq.(3.1) corresponds to the
isotropic case and it is further modified to consider
anisotropy.  Taking ¢ =p ¢’where p,0 are the
coordinates in {-plane and by taking p =/ for the unit

circle, we have:
{=(cos@+i sinb) ..(3.2)
Inserting Eq(3.2) into Eq.(3.1), we get
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By introducing the complex parameters of anisotropy s;

into Eq.(3.3), by affine transformation, z becomes

N

k= =1

z,:m;@:R[ct}sH mkcoskﬁ\lﬂf!s&nﬁ—% mksinkﬂwl] (39

R | R d

The complex quantities s; in Eq.(3.4) depend on the type
of loading, material of the laminate and its geometry. They
are determined from the roots of the characteristic
equation (3.15) of the biharmonic equation (3.14) for
inplane loading. Using the following identities into

Eq.(3.4),

the mapping function (3.4) takes the final form as:

o _ R |l+-" f-*\'+b|:f+ym-*\' y
Zv:'_ﬁ{:'(;r) I a_':'l_ Z m,i':' ! i I\:' ZF}! ()

Vo kel / k=l

where, a,=(1+is) , b=0- is) (=1,...4)
...(3.7)

The mapping function zj in Eq. (3.6) will be introduced
into the equations of the boundary conditions of the given
problem while determining the stress functions.

Arbitrary Biaxial Loading Condition

In order to consider several cases of inplane or bending
loads, the arbitrary biaxial loading condition is introduced
into the boundary conditions. This condition considers any
arbitrary orientation of uniaxial and biaxial stresses or
moments as well as, shear stress or twisting moment

applied at infinity.

AT o
Y
<
*
'8
o !
o ho—

Fig. 3.1 Plate Containing Hole under Arbitrary Biaxial

Loading condition
An infinite plate with an arbitrary shape of hole subjected
to inplane loading under arbitrary biaxial loading
condition is shown in Fig.3.1. This condition has been
adapted from Gao’s [15] solution for the elliptical hole in
isotropic plate. By means of this condition, solutions for
biaxial loading or shear stress or twisting moment can be
obtained without the need for superposition of the
solutions of the uniaxial loading. This is achieved by
merely introducing the biaxial loading factor A and the
orientation angle f into the boundary conditions at
infinity. A remotely applied loading is considered about
the arbitrary coordinate axes x'0y’ that make an angle S
with x0y axes in the principal directions of the body
Boundary Conditions at Infinity
The boundary conditions about the arbitrary coordinate
axes x'0y' for each class of loading are given in the
following:
For inplane loading of symmetric laminates:

@

g, = Ao, oy = a@; 1,,=0

E ¥ E XY

at|z|-w (38

By applying the relation of transformation of axes, the
boundary conditions in Eqs.(3.8) about x0y axes are given
by :

o;+o; = o, +0;
: : .. (39)

o _ @ LT dig
g, -0, tai,) e

@ _ @ ’] o
oy —0; +2i1T,
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Similarly by applying the relations (3.11) to the boundary
conditions Eqgs.(3.9) and (3.10) also, the boundary

conditions about x(0y axes can be written explicitly as :

of = Z[Gi+D+ -1 cos2p]
oF = Z[+1D (i1 cos2/] . (3.10)
= = g[ (A —1) sin 2,5]

The boundary conditions in Eqgs.(3.10) will be useful in
determining the stress functions of the hole free plate.
Applications of Arbitrary Biaxial Loading Condition
With reference to Fig. 3.1, the following values of A and S
will be taken into Egs.(3.10) to obtain different conditions
of loading.

1. Inclined uniaxial tension or cylindrical bending : 1=0, f=0
:A=0.f=1/2

(b) Loading along y-axis - A=0.4=0

(2) Loading along x-axis

2. Hydrostatic tension or all-round moment at infimity: A=1, =0
(2) Equibiaxial tension or moment 2 A=1,4=0
3. Shear stress or twisting moment S A=-1p=r1/4a3n/4
General Solution for Inplane Loading of Symmetric
Laminates
Complex Variable Formulation A thin anisotropic plate
is considered under generalized plane stress condition. The
thickness 4, is taken in z-direction and x0y plane is taken
as the midplane of the plate. It is assumed that the external
forces act on the side surfaces of the plate in such a way
that the resultant of these forces for the entire height 4, is
situated in the x0y plane. The other surfaces of the plate,
namely the ‘top’ one at z =+ /2 and the ‘bottom’ one at z
= —h/2 are assumed to be free of external forces, i.e., o, =

7. = 7= 0 for z = +h/2.

The plate is considered to be thin due to the value of 4/R
being small, where R denotes the size of the hole. The

stresses o, 7., 7, are zero everywhere inside the plate in

addition to being zero on top and bottom surfaces of the
plate. Due to consideration of generalized plane stress, the
mean values of strain or stress components over the
thickness are taken into the equations instead of the actual
stress components. For the sake of simplicity, these mean
values are represented by &, &, %y, 0. 0, 7, without bars
over the symbols. From the generalized Hooke’s law, the

mean values of strains along the thickness of the plate are

given by:
E, = a0, ta,d, ta7T,
E, = ap O, +a, 0, +a:7T, . (3.11)
Vo = 0, ta,.0, + a7,

The six elastic constants ai;, @z, aindes dis Az 1IN
Eq.(3.11) are defined in Appendix-I
Representing o, , o;, 7, in terms of Airy’s stress function
Ux.y),

o' o' &'U

g, = — 0, = — I, = - .. (3.12)
- 8}«" & 8x. kL exa}

and by introducing Egs. (3.11) in terms of U(x,y) into the
compatibility equation(3.13),

e 8le. aty_
& 3 e
h che !

we get the following biharmonic equation:

adrr 477 adrr adrr 477
o0, T e S 0, E g Uy oy
ox oy o'y’ oy’ &

The general solution of Eq.(3.14) depends on the roots of

the characteristic equation
4 3 1
ays —lags +(Qay tag)s -lags+ay, = 0 (1))

s = +i
and =% 1A

5 =0, +i 5

o= —1 S - G10)
The complex parameters given by Egs.(3.16) depend on
the coefficients a; (i,j = 1,2,6) of the anisotropic plate. The

coefficients a; for the unidirectional layers with oriented
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fibers and for symmetric laminates with different lay up
can be determined using the equations given in Appendix-
L.

The Airy’s stress function U (x,y) in Eqs.(3.16) can be
represented by

UGey) = File+sp) + Fy(c+s0) + Fy (4 5300 + Fy(e+5,0) . (317
Or

UGey) = A(z) +Fy(z)+ R@z) + Kz ... (G.18)

Introducing the analytic functions ¢(z;), y(z;) and their

conjugates @(z,), w(z,) given by

dF, . dF,

E = @z} E = wiz,)

dF, — dF. -G
=1 _ - =2 _ .

=, Pz, = wiz,)

into Eq. (3.18) and then from Eqgs.(3.12), the stress

components in terms of ¢z;), Y(z,) are given by

G, = 2Rels? ¢’ + 52wy
g, = 2Re| ¢'@)+ vz ] .. (3.20)
T, = —2Re[sd'@)+5 wiz) ]

Stress Functions for Hole Problems under Remote
Loading
Scheme of Solution

The anisotropic plate containing the hole is subjected to
remotely applied tensions O ;O =Ao, 0';3 =0 at the

outer edges as shown in Fig. 3.2 (¢). The edges of the hole
are free from loading. To determine the stresses around the

hole, the solution is split into two stages.

Fig. 3.2 Scheme of Solution for Inplane Loading of

Symmetric Laminate with a Hole

First Stage Solution: The stress functionsd(z;),

v (zy),are obtained for the hole freeplate due to applied
stresses 6;3 , O';'i shown in Fig. 3.2(a). The boundary

conditions f;, f, on the fictitious hole are determined
from these stress functions.

Second Stage Solution: For the second stage solution, the
plate with hole is applied by a negative of the boundary
conditions fj, f, on its hole boundary in the absence of
remote loading as shown in Fig.3.2(b). The stress
functions of the second stage solution ¢,(z;), W.(z,) are
determined from these boundary conditions.

In accordance with the superposition method of
Ukadgaonker and Awasare [34], the stress functions ¢(z;),
y(z,) for the given plate problem are obtained by adding
the stress functions of the first and second stage solutions

as shown in Fig.3.2(c). They are given by:

@lz) = Gilz) + @0z
321y

Wiza) =ynl(za) + (22}
By introducing the above stress functions ¢(z;), w(z,) into

Egs.(3.20), the stresses 0, , 0, ,7 around the hole

xy

are obtained.

RESULTS AND DISCUSSION

Preliminary Remarks

This solution is based on Savin”s [2] approach
additionally incorporating the generalized form of
mapping function and arbitrary biaxial loading conditions.
These features will enhance the simplicity of Savin’s
method to produce results for any case of hole geometry,
laminate material and configuration and type and
directions of loading by merely specifying the required
combination of parameters. This solution is noted to
produce exactly the same results for various cases of
solutions existing in the literature.

Computer Implementation of the Solutions
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The following steps will help in easy implementation of Thiepe of hale Mappinz finchon comsiants
T Ellips= -5 AT 2. are major, minor axes

the given general solutions on the computer.

(a) Choosing the constants of the mapping function, my
from Table 4.1 for required shape of hole.

(b) Choosing the values of A4 and S in Egs. (3.8)—-(3.10)
from Section 3.3.2 for type of loading.

(c) Calculation of a; (ij = 1,2,6) in Egs.(3.11) from
equations (A.1)—(A.6) given in Appendix-I for single
and multilayered plates.

(d) Calculation of complex parameters of anisotropy sy, s>
using Eq.(3.15). The values of s, s, for some selected
cases are given in Table 4.2.

(e) Calculation of the constants: ay, by, a,, b,, B, B”, C'*,
K, K5, K;, Ky, a3, bs, a4, by by using Egs. (3.7),
(3.25), (3.27), (3.31).

(f) Derivatives of the second stage stress functions, ¢’
(z1), W' (z2) by using Eqgs.(3.33).

(g) Evaluation of stresses oy, 0, 7, and o, 04 7,0 by
using Egs.(3.32) and (3.34) respectively.

Table 4.1Mapping function constants

2 Equilateral Triznsls m:=1/3, my=1/45, my=1"162 m;, =7"2673,
m:=1/728, m-=AL'111557
3 Bquars with

{2) Normal sides m;=-1'8, m-= 138, m,; =-1'17§, m. = 1 384,

mp =-71/4564
{b) Rotated by 45" m;=-1'8, m-= 138, m,; =-1'17§, m. = 1 384,
mp=-7/4864
3 Rectangls
{a) sideratio:10 my, =0 788, m; =-00827, m, =-00297, m-=-0 014

= -0 000564, my, =-0.00037

m =0.6813, m; =-0. 0803, @ =-0.0365, m- = 0126
e =-0 001266, m11= 000295

my= 00643, m=-0098, m,= 0038 m,=-001L
m:= 000054, m,, =004

m=12,m=-1'0, m:=-380, m-=-BE0§

= 35/768, m;, =57 11264

() sideratio: §

{c) sideratio: 5

{d) sideratio: 32

4 (rthershapss
i Circolar shaps
ii. Trregnlarshaps
iti. Parabolic shape
iv. Distomzdshape
v. Distorted shape
vi. Ellipticzlshape
vil. Maize shaps
viii. Eyeshaps

All conzEns 202 2210

m; =008, m; =004, m; =004
m-=02,m;=-01

m; =015, m-=007

@ =02 m=-01

m =05, m;=01

ix. Batshape m-=-0.1,m=-015, m =002, me =005 m- =003
m =002, me =003

Table 4.2 : Complex parameters sy, s, for various cases

of anisotropy under inplane loading

Fiber Craphire/ spoxy Boron/aposy TF300 Plhwood CliwEroxy
Orientztio | E;(GPa) - 181.00 282.8 63.80 11.29 47.40
n E.(GPo) : 10.30 238 63.80 5.89 16.20
Angle | Gi;(GPz) - 717 10.35 320 0.69 760
& o s o028 027 0.036 0.07 0.26
v. 6.02 0.02 0.036 0134 0.089
T =, T8930T TASTH IO TITEN
5, 0.83661 0.22461 0.3448¢ 071381
1 se 2261241 -2.3486+1.5026i 4196930 | -1.9205+1.9911 | -0.8997+1.81861
52 0067740 0.142540.69731 H.23991 | 02341403665 | 0.1268+0.7381i
30° 5o -14730+0.72631 | -1.4959+0.69971 | -1.4284+0.78041 | -1.3826+0.82761 | -0.9395+1.0964
s, 012354091778 | 0.2755+0.77851 | 0.3391+029461 | 0.4893+0.44231 | 024204081374
45° s, 0.1536+0.9814i 090394042771 | 0.5007+0.86561 | -0.70340+0.7108i

. 0.3
o 051984039231 | 09269037541 | 03039+042770 | 0.6011+0.7992 | 032494094356

. 0.1440+1.0703i | 0.4039+1.1416i 1.4284+0 78041 246+1 01681 0.3359+1.1292i
sy -0.3436+0 26871 | -0.5485+0.2565i | -0.5391+0.2946i 3325+0 31871 | -0.4506+0.52591

. 0.0886+1.1397i 37661

196931

2375+1.9379i 0.2260+1.3160i

sy -0.2560+0.2184i 120831 +0.2399i 5104026021 | -0.2186+0 4418:
a0* s, 0.0000+1.1674i | 0.0000+1 4888i 445140 2.8993i 1.4009
sy 0.0000+0.2043i | 0.0000+0.1948i 022461 -0 2438i 041731
245 sy -0.8597+0.5109i | -0.8891+0.4578i | -0.9005+0.4350i -0.8534+0.52134 | -0.7966+0.60461
(245 53 0.8397+0.5109i | 0.8891+0.4578i 0.9005+0.4350i 0.853440.5213 0.7966+0.60461
(=907 5, 3.64044 4.1266i 436944 035554 20143i
N . sy 027470 024234 02289 028134 0.4964i

Comparison with existing Results
Results are obtained for laminates without piezo-layers for

different shapes of holes in anisotropic plates under in-
plane loading. for comparing with those in the literature.
Selected cases are presented in the following for brevity.
Lekhnitskii [1]

Lekhnitskii [1] has given the results for a circular hole in

plywood plate under X-axis loading, Y-axis loading,
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equi-biaxial and shear loading as given in page No (177)

and (181) of Ref[1].

Uni-axial tension ¢ in x-axis with E; along x-axis, the

values of Ogare given in Fig.80 [1]; the maximum

value of o, is 5.45 at 90°. Results obtained by the

present solution are shown in fig. 4.19 (a) and those
obtained by Lekhnitskii [1] are presented in Fig. 4.19
(b). These results are reproduced by ANSYS. As
shown in Fig. 4.20.

Uni-axial tension ¢ in x-axis with E; along y-axis, the

values of Ojare given in Fig.81 [1]; the maximum

value of 0, is 4.15 at 90°.
Equi-biaxial tension o; the stress concentration around

hole given in Fig.82 [4] the values of O are given in

Fig.80 [1]; the maximum value of O is 4.04.
Shear loading; the stress concentration around hole is
given in Fig.86 [1]. The maximum value of Ois 3.95

at 75°, 105°, 255° 285°. The results by the present
solution are as shown in Fig. 4.11(a) and those by
Lekhnitskii [1] are shown in Fig 4.11 (b). The same
results are also reproduced by ANSYS as shown in

Fig. 4.12.

Results by the present solution for all the above cases are

in good agreement with those of Lekhnitskii [1].

it

Plywoodlepoxy
(T T 5.45
atw = 90°, 270°

R

R

(b)
Fig.4.1 Results of Lekhnitskii for circular hole in single
layered Plywood /epoxy plate
(a)Present solution (b) Results of Lekhnitskii [1]

Fig.4.2 ANSYS Results of Lekhnitskii for circular hole in
single layered graphite/epoxy plate

subjected to X-axis loading.

Plywood /epoxy
(O Tz 3.95
alw = 75° 105° 2559, 2859
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Fig.4.3 Results of Lekhnitskii for circular hole in single

layered Plywood /epoxy plate under shear loading (a)
Present solution (b) Results of Lekhnitskii[3]

Fig.4.4 ANSYS Results of Lekhnitskii for circular hole in
single layered Plywood /epoxy plate
under shear loading

Savin [2]

Savin [2] has given results for different shapes of holes in

isotropic plate. The present general solution by Stroh

formalism given for anisotropic case can be degenerated to
isotropic case by taking the corresponding constants as

E= E=E and G,-=G and Vv, = v. The values of

o,/oare obtained for the following cases corresponding to

the results given by Savin [2].

a) Square hole, mapping function with two and three
terms; loading angles 0°.45° the results are given in
Table 1[2]

b) Square hole, mapping function with four terms and
loading angle; 90°, the results are given in Table 2[2]

¢) Rectangular hole of side ratio 5 and mapping function
with 5 terms; loading angles 0°30°% 60°, 90° the
results are given in Table 3[2]

d) Rectangular hole of side ratio 3.2 and mapping
function with 4 terms; loading angles 00, 900, the

results are given in Table 4[2]

e) Triangular hole given by mapping function with two
and three terms; loading angle 0°; the results are given
Table 5[2]

f) Elliptical hole with axes ratios 3/2 and 2/3; loading
angle 90°, the results are given in Table 6 [2]

For all the cases mentioned above, satisfactory results are

obtained. For items (c), d) and (e), the results obtained by

the present solution and those given by Savin [2] are

shown for comparison in Tables 4.3 and 4.6.

Table 4.3: Stress distribution around elliptical hole due

to tension along x-axis

Axes ratio b/a =2/3 Axes ratio b/a=3/2
. Present . Present
Angle Savin [2] solution Savin [2] solution
0 -1 -1 -1 -1
10 .78 07815 093 09317
20 023 02338 072 07214
30 0.43 04282 035 03339
40 1.04 1.0419 0.19 0.1923
50 1.54 13373 0.93 0.934
60 19 19025 186 1.8547
70 2.15 2.1484 2.85 2.8407
20 229 2.2893 3.67 3.6744
90 2.33 2.3351 4 4.0039

Table 4.4: Results of Savin for various side ratio of

Rectangular hole

Rectangle Rectangle

side ratio:§ side ratio:3 Triangle
Angle | Savin[l] | Present | Savin[l] | Present | Savin[l] | Present
0 0.768 -1 0.77 -1 -1 -1
20 -0.152 03848 -0.807 -1.0335 -0.042 -0.0372
25 2.692 2504 -0.686 09873 0222 02214
30 2.812 3.1333 261 2.6888 0.492 04908
35 - - 3.181 345095 - 0.5376
40 1.558 -1.7249 2302 2.6339 - 05815
20 1.192 1.1932 1342 13708 1.77 1.7671

Greszczuk [3]

Greszczuk [3] considered a circular hole in unidirectional

layers with different fiber orientations as well as

bidirectional cross ply and angle ply laminates of Boron

/epoxy. The present solution has exactly reproduced the

results of Greszczuk for various cases.

a) Boron /epoxy with circular hole for unidirectional
layers with 0 and 90° fibers subjected to shear stress

at infinity given in Fig .5 [3].
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b) Unidirectional layer of Boron /epoxy with different
fiber orientations such as 0% 30°,60° and 90° fibers,
the results are given in Fig.7[ [3].

The results reproduced by the present solution are

presented in Fig. 4.23 (a) and those given by Greszczuk

[3] are presented in Fig. 4.23 (b). These two results are in

excellent agreement with each other.

g@
v, |
N
= :; 2::) 4::) '5::) 5::) ":;':) 'ZI"D 1 ‘;D 1 '5":) 1 Elr:) 200
degraes (v
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Fig.4.5 Results showing the stresses around circular hole
in Boron/epoxy laminate
(a) Present Solution (b) Greszczuk [3]

Jong [5]

Jong [5] considered circular, square and rectangular holes
in CFRP laminates subjected to uni-axial loading and
shear stress at infinity. The present general solution by
Stroh formalism has exactly reproduced for all cases

presented by Jong as mentioned below.

a) Square and circular holes in [04/445,4]; and [£45];
laminates subjected to tension in x- direction; the values of
oy/o are given in Table 10[5],

b) Square and rectangular hole in [+45]; laminates
subjected to shear stress at infinity, the values of oy/o are
given in Table 14 [5],

The results from the present solution and corresponding to
those of Table 9 [S5]of Jong are given in Table 4.5 for
comparison.

Table 4.5 Results of Jong for circular hole in CFRP

laminate under x-axis loading

Angle | Present Solution Jong:Table 9]5]

0 -1 -

5 09968 -0.9967
10 00843 00842
15 09531 09531
20 0.8832 -0.8831
23 0.7362 0.7362
30 0.4469 -0.4468
35 0.0726 0.0726
40 0.8636 0.8636
43 1.7742 1.7741
50 2,469 24689
53 2.7634 2.7633
&0 2.7556 27556
63 26163 26163
70 2433 2453
73 23122 23122
g0 2.2003 22003
23 2.1477 2.1477
a0 21273 21273

Daoust and Hoa [6]

Daoust and Hoa [6] has obtained the stresses around an

equilateral triangular hole for various cases. The present

general solution has exactly reproduced all the results.

Some of the cases are presented below.

a) Triangular hole with 4 terms of mapping function in a
glass epoxy lamina with 0° fiber, & = % ; the stresses

oy/o are given in Table 4.4 [6].
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b) For different values of ¢ ie., €= 1/3, 1/6,1/8 , 0
(circle), with 4 terms mapping function; the values of
oy/o are given in Fig. 4.5 [6]

¢) Unidirectional layers with 0° fibers of different
materials viz., Graphite/epoxy, plywood, Glass/epoxy
and isotropic case under uni-axial tension; the
maximum values of oy/c are shown in Fig.4.6 [6].

The results have obtained corresponding to item (c) above,

by the present solution are given in Fig.4.24 and Table 4.8.

The results by the present solution are good agreement

with those of Daust and Hoa[6].

Table 4.6: Results of Daoust &Hoa [6]

Daoust &
| Angle | Present solution Hoa [6]

0 -0.3846 0167
10 -0.1793 0167
20 0.0491 0.063
30 0.1651 0.178
40 0243 0238
50 03209 0334
60 04114 0426
70 0.5373 0.354
20 0.7373 0.756
o0 1.1107 1.132
100 1.019 1.039
110 3.8073 3.879
113 12.1251 12.131
120 6.2303 6278
130 0.0251 0.033
140 06082 -0.643
150 06417 0679
160 06146 -0.649
170 -0.3924 0625
180 -0.3846 0617

o

g!

? 10 4 —— Glass/epoxy
—+— Bomon/epoxy
Graphite/epoxy

T T T T T T T T T T
0 20 40 &0 20 100 120 140 180 180 200

Dagresslv)
(@
= TI00/5208 Graphite/Epoxy
20
18
‘1 — Plywood
18
14
12 4 CE 9000 Glass/Epoxy

-1 - lsstropic

Tasta [degres)

®)
Fig.4.6 Results showing the effect material on
stress distribution around triangular hole

(a) Present solution (b) Daoust and Hoa [6]
Results for New Cases
To illustrate the effectiveness and scope of the present
solution, results for several new cases of laminates
containing different shapes of holes and loading
conditions are presented in this section. Circular, elliptical,
arbitrary isosceles triangular hole [6], rectangular hole
with different side ratios, square hole and holes of
irregular geometry are considered. A detailed study is
presented on the effect of shape of hole, type of material,
fiber orientation, laminate geometry, type and angle of
loading on stress distribution around the hole.

Effect of Material
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Stress concentration is very much influenced by the
material properties and has a detrimental effect especially
in case of anisotropic materials. A triangular hole is
considered in single layered plates of graphite/epoxy and
glass/epoxy, Boron/epoxy, plywood, CF and Isotropic
materials under equi-biaxial loading. For graphite/epoxy,
it is equal to 28.14 and for glass/epoxy, it is 32.39 at 0".
The maximum value of stress for Boron/epoxy, plywood,
CF and isotropic materials is equal to 29.37, 53.80, 78.28
and 34.09 at 120" respectively. In all the cases, the
maximum value has occurred at the corners only as shown
in Fig. 4.28.

100

—&— Graphite
—a— Glass
—a— Boron
—+— Phywood
—— CF
—— |zotropic

20

B0

40 -

20 4

20 T T T T T T T T T T
0 20 40 60 8 100 1200 140 180 180 200

Fig.4.7 Effect of material on stress around triangular hole
due to equi-biaxial loading

Effect of Fiber Orientation

Anisotropy of the lamina is influenced by the fiber

orientation. Different fiber orientations such as 0°, 30°,

45°, 60° and 90° are considered in a lamina of

graphite/epoxy with triangular hole under X-axis loading.

The results for all fiber angles are presented in Fig. 4.29.
For fiber orientation angle, & = 0° the maximum stress
is equal to 11.62 and a nearest result has occurred by
ANSYS as shown in Fig.4.30. For fiber angle, & = 30° ,
the maximum value of cg/c is equal to 77.3 as shown in

Fig.4.31. Results by ANSYS for 45°, 60° and 90° are
shown in Figs. 4.32 to 4.34.

a0

50

40

20 4

2R AR
wonnonon

=1

=20

o 20 40 50 a0 100 120 140 160 180 200

Degrees (W)
Fig 4.8 Effect of fiber orientation on stress around

triangular hole in Graphite/epoxy plate

Fig 4.9 ANSYS Result showing the Effect of fiber
orientation at 0%n stress distribution around triangular

hole in Graphite/epoxy plates subjected to X-axis loading

Fig 4.10 ANSYS result showing the effect of fiber
orientation at 30°on stress distribution around triangular

hole in Graphite/epoxy plate subjected to X-axis loading
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Anisotropy of the composite laminates is dependent on
fiber orientation and stacking sequence. Graphite/epoxy
laminates with different stacking sequences of [0/90];,
[30/0/-30]sand [45/-45]s around square and triangular holes
subjected to X-axis loading are considered. The
maximum stress concentration around square hole for
[0/90]s, [30/0/-30]; and [45/-45]; laminates is equal to 7.85,
5.73 and 13.95 respectively. For [0/90];, [30/0/-30]

. . laminates, the maximum stress concentration has occurred
Fig 4.11 ANSYS result showing the Effect of fiber
. . o o . at 50° whereas for [45/-45]; laminate, the maximum value
orientation at 45 on stress distribution around triangular

. . . . . is at 45°. The results for different laminates with square
hole in Graphite/epoxy plate subjected to X-axis loading
hole are presented in Fig. 4.35. The maximum stress
value for triangular hole in [0/90]s, [30/0/-30]; and [45/-
45]; laminates, is equal to 16.16, 25.83 and 30.39
respectively at 120°. Weak zone has occurred at 45° for
[45/-45]; laminate with a square hole and it is occurring at
120° for all geometries with a triangular hole. The results
for different laminates with a triangular hole are presented

in Fig. 4.36. The laminate geometry, fiber orientation and

shape of hole have a combined effect on the maximum

Fig 4.12 ANSYS Result showing the Effect of fiber value of stress concentration.

orientation at 60°on stress distribution around triangular 16

hole in Graphite/epoxy plate subjected to X-axis loading

—e— [0/90],
1| o 1300030,
II —y— [451-45],

T T T T T T
0 20 40 60 80 100 120 140 160 180 200

Fig. 4.14 Effect of Laminate geometry on stress

distribution around square hole

Fig 4.13 ANSYS Result showing the effect of fib
8 esult stowing the etiect of Hbet Effect of Type of Loading

orientation at 90°on stress distribution around triangular ) )
Type of loading has a great influence on the stress

hole in Graphite/epoxy plate subjected to X-axis loading distribution around the hole. Different types of loading

Effect of Laminate G t . . D .
¢t oF Lamitiate Lreometry such as X-axis, Y-axis, equi-biaxial and shear loadings are
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considered on a Graphite/epoxy unidirectional lamina with
a triangular hole. The results for these cases are presented
in Fig.4.37. The maximum values of cg¢/c for X-axis
loading is equal to 11.62, for Y-axis loading is equal to
16.51, for equi-biaxial loading, it is equal to 28.17 and for
shear loading it is 37.27. The stress concentration is
maximum for shear loading and minimum for X-axis

loading.

50 -

40 -

30

20

Q |j‘

degress (v)

Fig. 4.16 Effect of type of loading on stress distribution
around triangular hole in
Graphite/epoxy plates
Effect of Angle of Loading

The influence of angle of loading /3 on stress distribution

around the hole is studied for different angles of loading
from 0° to 90° on a cross ply laminate of graphite/epoxy
with rotated square hole. Different angles of loading from
0° to 90° with intervals of 15° are considered and the
maximum values of stress concentration are 28.90, 26.89,
21.42, 1395, 21.42, 2689 and 28.90 for each
corresponding angle of loading. These results are
presented in Fig. 4.38. It is that for loading angles
between 0° to 45°, the maximum stress concentration has
occurred at 90° and for loading angles between 45° to 90°,
the maximum value has occurred at 0°. From this study,
we can infer that the stress concentration can be controlled
by proper combination fiber orientation and angle of

loading.

Fig.4.17 Effect of angle of loading on stress distribution
around rectangular hole in [0/90], graphite/epoxy laminate
Effect of Shape of Hole
Stresses distribution around the holes in a laminates
depends on the shape of hole, which in turn is affected by
the number of terms in the mapping function, bluntness
factor and side ratio or aspect ratio, etc. In the present
study, different shapes of holes, such as, circle, ellipse,
triangle, square, rectangular hole with various side ratios,
pentagon, hexagon, heptagon and octagon are considered
in graphite/epoxy cross play laminate [0/90]; subjected to
X-axis loading. For all these cases, results by ANSYS
software are also presented for comparison.

Circular Hole

The stress distribution around circular hole in [0/90]
laminates of graphite/epoxy and Boron/epoxy under uni-
axial tension is presented in Fig. 4.39 and Fig. 4.40
respectively. For graphite/epoxy, the maximum value of
c¢/c is 4.9 and for boron/epoxy, it is 5.1. The maximum
value has occurred at 90° for both cases.

Results by ANSYS software are also presented in Figs.
4.41 and 4.42 respectively. The maximum value of von-
Mises stress for graphite/epoxy is equal to 5.29 and it is
equal to 5.25 for born/epoxy. These results show good

agreement with the results from the general solution.
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Fig. 4.20 ANSYS results for Stress distribution around
circular hole in [0/90]; Graphite/epoxy

laminate subjected to X-axis load.

Fig. 421 ANSYS results for stress distribution around
circular hole in [0/90]; Boron/ epoxy laminate
subjected to X-axis loading.

Elliptical hole

The value of o,/caround the elliptical hole in [0/90]

laminates of Graphite/epoxy and Boron/epoxy under uni-

axial tension is presented in Fig.4.43 and Fig.4.44

respectively. The maximum value of oy/ais equal to 2.96

for Graphite/epoxy and 3.05 for Boron/epoxy. The

maximum value of stress o,/chas occurred at 90° in both

cases.

Results are obtained by ANSY'S for both the above

cases are shown in Figs. 4.45 and 4.46 respectively.

The maximum value of von-Mises stress for

graphite/ epoxy is equal to 2.89 whereas, for boron

epoxy, it is equal to 2.87. The results by the general

solution are in good agreement with those obtained

by ANSYS.

Fig. 4.24ANSYS results for Stress distribution around
elliptical hole in [0/90]; Graphite/epoxy

laminate subjected to X-axis loading

Fig. 425 ANSYS results for Stress distribution around
elliptical hole in [0/90]; Boron/epoxy laminate
subjected to X-axis loading.
Triangular Hole
The stress distribution around triangular hole in [0/90]
laminates of Graphite/epoxy and Boron/epoxy under X-
axis loading is shown in Fig.4.47 and 4.48 respectively.
For Graphite/epoxy, the maximum value of c,/cis equal
to 16.16 and for Boron/epoxy, it is equal to 15.54. The
maximum value of o,/c has occurred at 120°and 240° for

both cases.
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[0/90]; Graphite/epoxy
(OOl 1616
aty = 12009, 2400

e
T

Fig 4.26 Stress distribution around triangular hole in

[0/90]s Graphite/epoxy laminate

[0/ %0]; Boronfepoxy
(5, ! )max - 15.54

i
T

aty =1207, 240°

Fig 4.27Stress distribution around triangular hole in
[0/90]; Boron/epoxy laminate
Results obtained by ANSYS for the above cases are
shown in Figs. 4.49 and 4.50. For Graphite/epoxy, the
maximum values of von-Mises stress is 18.09 and for
Boron /epoxy, it is equal to 17.69. These results are very
much comparable to those obtained by the general

solution.

Fig. 4.28 ANSYS results for Stress distribution around
triangular hole in [0/90]; Graphite/epoxy

laminate subjected to X-axis loading.

Fig. 4.29ANSYS Results for Stress distribution around
triangular hole in [0/90]; Boron/epoxy laminate
subjected to X-axis loading.
Normal Square Hole
The stress distribution around normal square hole in
[0/90]; cross-ply laminate of Graphite/epoxy under x-axis
loading is shown in Fig.4.59. The maximum normalized
stress G,/c is 7.851 at 50°, 130°, 230°, 310°. The stress
distribution for [45/-45]; cross ply laminate under x- axis
loading is also obtained with a maximum value of o,/c
equal to 13.95 at 45° 135° 225° 315° Results for these
cases are also presented in Table 4.8 for clarity. Results
are obtained by ANSYS for [0/90]; cross-ply laminate as
shown in Fig.4.60 for comparison. It is noted that the
results by the present solution have good agreement with

those by FEM.

ha

[0/80]; Graphitefepoxy

ny

(o, /T)max - 7.80

atw =507.1307,2307,3107

Fig.4.30 Stress distribution around normal square hole in
[0/90], graphite/epoxy cross ply laminate under

X-axis loading
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Fig. 4.31 ANSYS results for Stress distribution around
square hole with normal side in [0/90]
Graphite/epoxy laminate subjected to X-axis
loading
Rotated Square Hole
The normalized stresses around the rotated square
hole in [0/90]; Graphite/epoxycross-ply laminate are
presented in Fig. 4.61. The maximum normalized
stress 6,/c is 28.9 at 90°. These results are compared
with the results by FEM shown in Fig. 4.62 where the
maximum value of von-Mises stress is 34.96.
Results are also obtained for the rotated square hole in
[45/-45] angle ply laminate of
Graphite/epoxy under X-axis loading and are
presented in Table 4.8. The maximum value of 6,/c
is equal to 8.28 at 90" itself. In both the cases, the
maximum value is occurring at 90°, while it is

occurring at 45° and 50° for the normal square hole.

o -

[0/20]; Graphite/epoxy

(0, / )max 128.9

atw = 90°,270°

Fig.4.32 Stress distribution around rotated square hole in
[0/90]; graphite/epoxy cross ply laminate under

X-axis loading

Fig. 4.33 ANSYS result for Stress distribution around
rotated square hole in [0/90]; Graphite/epoxy
laminate subjected to X-axis loading
Table. 4.7: Stress distribution around Square holes in

graphite/epoxy laminate under x-axis

loading
Square hole with sides Square with normal
rotated by 45" sides
[0/90], [45/-45], [0/207, [45/-45],
Angle cross phy angle ply Angle cross ply cross ply
laminate laminate laminate laminate
0 1 -1 0 -1 -1
5 -0.2935 -0.8309 5 -1.0033 -1.0012
10 -0.2209 -0.7324 10 -0.9949 -0.9933
20 -0.0683 -0.2522 20 -1.0223 -1.0064
30 0.0336 0.0919 30 -0.9129 -0.9791
40 0.1538 0.6343 40 -1.4108 -1.1211
43 0.2057 0.7884 43 3.6408 13.9512
30 0.2774 1.0163 30 7.851 2.8576
60 0.4336 1.703 60 3.8122 1.7407
0 0.7042 2.6887 0 2.9963 1.5224
30 1.136 42199 30 27316 14574
85 2.032 72711 85 2.6339 1.4323
o0 28.0025 32816 o0 2.5767 1.4115
95 2.032 72711 95 2.6339 1.4323
100 1.136 42199 100 27316 1.4574
103 0.8978 3.3383 103 2.7866 1.4667
110 0.7042 2.6887 110 2.9963 1.5224
120 0.4336 1.705 120 3.8122 1.7407
130 0.2774 1.0163 130 7.851 2.8576
133 0.2057 07834 133 3.6408 13.9512
140 0.1538 0.6343 140 -1.4108 -1.1211
150 0.0336 0.0919 150 -0.9129 .8791
160 -0.0683 -0.2522 160 -1.0223 -1.0064
170 -0.2209 -0.7324 170 -0.9949 -0.9938
173 -0.2935 -0.8309 173 -1.0033 -1.0012
130 -1 -1 130 -1 -1

Rectangular hole

Different side ratios of rectangular holes such as 3, 5 and
10 are considered to consider the effect of aspect ratio on
stress distribution around the rectangular hole. These holes

are considered in cross ply laminate [0//90]; subjected to
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X-axis loading. The results by the general solutions are
compared with those obtained by ANSYS.

Side ratio 3

For a rectangular hole with side ratio 3 in a cross ply
laminate [0/90]; of graphite/epoxy, the stress distribution
around the hole is shown in Fig.4.34. The maximum value

of 6,/ is 6.16 at 35°,145° .

[0 /90], Graphite/epoxy

(o, /@Ima * 6.6

Fig 4.34 Stress distribution around rectangular hole
of side ratio 3 in [0/90]; Graphite/epoxy
cross ply laminate subjected to X-axis loading
The above case is also studied by ANSYS and the results
are presented in Fig.4.35. The maximum value of von-
Mises stress is equal to 6.20. This shows that the results by
the general solution are in good agreement with those

obtained by ANSYS.

Fig. 435 ANSYS results for Stress distribution around
rectangular hole of side ratio 3 in [0/90];
Graphite/epoxy laminate subjected to X-axis
loading
Side ratio 5
The stress distribution around the rectangular hole of side
ratio 5 in [0/90]s cross ply laminates of Graphite/epoxy

and Boron/epoxy under x-axis loading is presented in

Fig.4.36 and Fig.4.37 respectively. The maximum value of
o,/o for graphite/epoxy is equal to 5.37 and for boron
/epoxy, it is equal to 5.51. In both the cases, the maximum

value of ,/chas occurred at 30°.

e

[0 /907, Graphite/epoxy
(0, /Ol =537

T
HITH

atw = 3071507 2107 3307

Fig 4.36 Stress distribution around rectangular hole of
side ratio 5 in [0/90]; Graphite/epoxy laminate subjected

to X-axis loading

[0 /90]; Boron/epoxy

AE‘ED"_H.ﬂ (o /P © 5.51
aty =307,1507 2109 3307
\

I

Fig 4.37 Stress distribution around rectangular hole of
side ratio 5 in [0/90]; Boron/epoxy laminate
subjected to X-axis loading
The results obtained by ANSY'S for the above cases
are shown in Fig.4.38 and 4.39. The maximum values
of von-Mises stress forgraphite/epoxy is 6.7 and for
boron /epoxy, it is equalto 6.56. These results show

good agreement withthose by the general solution.
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Fig.4.38 ANSYS results for Stress distribution around

rectangular hole of side ratio 5 of

Graphite/epoxy [0/90]; subjected to X-axis

loading

Fig.4.39 ANSYS Result for Stress distribution around
rectangular hole of side ratio 5 in [0/90]; Boron/epoxy

laminate subjected to X-axis loading

Side Ratio 10

The stress distribution around rectangular hole of side
ratio 10 in [0/90]s cross ply laminate of graphite/epoxy
under X-axis loading is shown in Fig.4.40. The maximum
value ofc,/c by the general solution is 3.66 at 25°155°
and it is equal to 4.12 by ANSYS as shown in Fig. 4.41.

Results by both the cases have good agreement.

Volume 05 Issue-01
January 2018

Fig. 441 ANSYS Results for stress distribution around

rectangular hole of side ratio 10 in [0/90];
Graphite/epoxy laminate subjected to X-axis

loading

Conclusions

Consideration of the generalized form of mapping
function and the arbitrary biaxial loading condition
into the boundary conditions has facilitated the
derivation of general solutions out of the existing
formulations.

The influence of various parameters viz., hole shape,
fiber orientation, laminate geometry, stacking
sequence and type of loading, etc., on distribution of
stresses or moments around the hole can be studied.
The constants provided for the mapping functions of
various shapes of holes and the complex parameters
of anisotropy for inplane loading on symmetric
laminates.

The solution for inplane loading has given satisfactory
results for both anisotropic and isotropic cases.
Various irregular shaped holes are considered for each

category of loading.

General Remarks

Based on the results obtained from the general

solutions, the following remarks are made.
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e Solution for any ratio of biaxial stresses or moments
and shear stress or twisting moment can be obtained
without the need for superposition of the solutions of
uniaxial loading.

e Proper fiber orientation and angle of loading will
considerably reduce the maximum stress around the
hole.

e In case of a rectangular hole, the locations of
maximum stress occur away from the corners.
However, these locations and values depend on the
aspect ratio of the hole, corner radius and type of
loading.

e  Critical locations of failure obtained by failure criteria
do not coincide with the locations of maximum stress
concentration. This feature is in confirmation with
the results given in the literature.

e For symmetry of hole shape and loading about the
coordinate axes, the stress distributions are symmetric
under inplane loading in both isotropic and
anisotropic cases. The distributions of moments are
not symmetric either due to bending or due to the
effect of bending extension coupling in anisotropic
case.

e The stress distribution is uniform for all ply groups in
a laminate under inplane loading.

Limitations

e Consideration of any new shape of hole, other than
those given in the present work, requires its mapping
function.

e The equations of present solutions are retained in
parametric form due to the large number of
parameters involved.

Suggestions for Future Work

e The solution can be extended to consider hygro-

thermal stresses.
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