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Abstract: G. Godini introduced the concept normed almost linear space which generalizes normed
linear space. To support the idea that the normed almost linear space is a good concept the notion of
a dual space of normed almost linear space X, has been introduced in this paper. In this paper we
prove some results like if X is normed almost linear space then 1)Vy~ is a Banach space, 1) If B is a
basis of X then for each by €B\Vy there exists f € X*such that f(by) =1 and f{(by) = 0 for each b €
B\{by}. If by € Wxthen f € X*iii) If Wyhas a basis, then X #{0} iv)If B is a basis such that
card(B\Wy) <o, then X = { f€ X*: f\Wy €Vy)"} and is total over X andv) If f €(Wy) }.then there
exists f € X such that fy Wy =1 |Ifilll = || ||| and f;\Vy=0. Using these results we prove that if
X is strong normed almost linear space such thatp is a metric and if x € X\ Wy + Vy ), X ={axy + u(-
xg) twtv o w €Wy, ve€Vy, a u=0} then i) for each f€ (Vy)" there exists fi € V" such that f;
\Vy=fii) Vx* #{0} and ii) for eachfe(Wx+ V) there exists f1 € X" such that fi \(Wx +Vy) =f.

Keywords: Almost linear space (als), basis of an almost linear space, almost linear functional,norm on
an almost linear space,normed almost linear space (nals),strong normed almost linear spaces

(snals),the dual space ofnormed almost linear space.

. Introduction:G. Godini[2] introduced the concept normed almost linear space which generalizes
normed linear space. All spaces involved in this chapter are over the real field R. A normed almost
linear space is an almost linear space X together with a functional ||| . ||| :X— R called a norm which
satisfies all the axioms of an usual norm on a linear space as well as some addition ones i.e. |||x - z |||<
Il x =¥ || Hl|v - z |||. Due to the fact that they have weakened the axioms of a linear space but they have
strengthen the axioms of the norm. Since the norm of a normed almost linear space X does not
generate a metric onX, they considered the strong normed almost linear space which also generalizes
the normed linear space. To support the idea that the normed almost linear space is a good concept

they introduced the concept of a dual space of normed almost linear space X where the functional on
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X are no longer linear but almost linear which is also a normed almost linear space. This chapter

consists three sections.

. Preliminaries:

2.1: Almost linear space (als): An almost linear space(als) is a non empty setXtogether with two
mappings s: XxX — X and m: R x X — X satisfying (i) — (viii)below.

Forx, y €Xand a€ER we denote s(x,y) by x + yand m(a, x ) by ax.Letx, y, z €X and a ,fER 1) (x
+y) +z=x + (y +2)ii) x +y =y +x 1ii1) There exists an element 0 €X such that x+ 0 = x for
each x€X. iv)a(x +y)=ox +ay v) (a+B)x=oax+ Px for 0=0, >0 vi) a(fx ) =af (

x), vil) Ix = x and viii) Ox =0.

For an almost linear space X we introduce the following two sets

Vy ={x € X:x —x =0}andWy = {x € X:x = —x}

2.2: Basis of an almost linear space: A subset B of an almost linear space X is called a basis of X if
for each x€X'\{0} there existunique sets {bi,...,b,} < B and {a,,... ,a ,} R \{0}(n depending on x)
such that x = Y a;bi (i=l,...,n) where a >0 for b; ¢ Vx.

2.2.3: Almost linear functional:Let X be an almost linear space. A function f:X — R is called an

almost linear functional if f'satisfies the following conditions. For x, y€Xanda(>0) ER

1) flxt+y) = fix) +Ay) ii) flox) = of(x) iii) -f(-x) < f(x) (or) Aiw) = 0 for every we Wy.

The set of all almost linear functional defined on an almost linear space X is denoted by X".
2.4: Norm on an almost linear space: A norm ||| * ||| on an almost linear space X is a function

satisfying the following conditions N; — N.

Letx, y, z €X and a€R. Ny .|||x ||| = 0 if and only if x=0.
N2 [floce [If = o |l}xll, and

Ns. le -z [l[= Il x =y [l #lly - 2 [l

2.5: Normed almost linear space (nals): An almost linear space X together with |||. ||| :X — R

satisfying N; — N3 is called a normed almost linear space .
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2.6: Metric: A metric on normed almost linear space d: XxX— R is defined as d(x, y)

= ||| Ve-Vyt z (0 — Bi)bi ||| ,i=1ton,x VEX, Vy, VyEVx, bi€B\Vy, a; , Bi >0.

2.7: Strong normed almost linear spaces (snals): A strong normed almost linear space is a normed
almost linear spaceX together with a semi-metric pon X which satisfies the following conditions.
Forx, y, z€Xand o€ER
LT =Ty T <p(x y) < T x=y [
p(x+z,y+z)<p(x,y)
The function a = p (a x, x) is continuous ata =1
2.8: The dual space: Let X*={ feX": ||| /||| < o}, then the space X * together with ||| . ||| defined by ||| /

|l| = sup{ |[f (x)| : ||| x ||| < 1}1s called the dual space of the normed almost linear space X.

Lemma 2.9: Let X be an almost linear space and let f € X*. We have f € Vy# iff f is linear on
X,ifand only if —1of = —f, if and only if f//Wx = 0.

Lemma 2.10: Let X be an almost linear space with a basis B, then the sets {—b: b € B}

and{a,b:b € B,a, # 0,a;, > 0 for b & Vy} are also bases of X.

Corollary 2.11: Let X be an almost linear space with a basis B then Wy has a basis.

Proof: Let B be a basis of X.

Theorem 2.12: Let B be a basis of the almost linear space X. Then there exist a basis B of X with the
property that for each b’ € B'\Vy wehave —b € B \Vy. Moreover card (B\Vy) = Card(B'\VX).
Lemma2.13:Let X be a normed almost linear space and letx € X,w € Wy, thenmax{ ||| x |||, || w ||| } <

I+ w ]|

Lemma2.14: Let X be a normed almost linear space and letx, x,, € X, a, € R,n € N lima,, = c0. If

the sequencel{]|| @, x + x,,||[}n=11s bounded, thenx € V.

Some results:
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Theorem3.1:Let X be a nals and for f € X*define || f||= sup {|f (x)]:x € X||| x|||< 1}. LetX* =
{f € X*:||| flll < o0}, then X *together with ||| . |||, defined as above is a normed almost linear
space.Proof: It is easy to show that X *is an almost linear space. We now show that the ||| .||| defined

in hypothesis satisfies the conditionsN; — Nj.

We now show N;. To show N;we have to show that for f; € X*,i = 1,2,3.

Il fi + (Lof)ll < lllfs + (=Lof)ll + [lIfz + (=Lof3)Ill-
Let x € By, then |f; + (=1of3)(x)| = |1 (x) + f3(—x)|.
Iflfi + (=1of3) ()| = —fi(x) — f3(—x),

Then by definition of almost linear functional we get

Ifi + (=1of3) ()| = —f1(x) — f3(=x) < fi(—=x) + o,(x) + fL(—x) + f3(x)
<Ifi + (1o (=)l + |(f2 + (10f3)) (=)
<|lIfi + (Lol +llIfz + (=Lofll
Iflf; + (=1ofs) @] = [f(0) + f3(=x)].
In this case also we get
i + (F1of)) | < Il A + (“1of2) I+ f2 + (~1of3)l]
To showN, we have to show that ||| af ||| =|a | |If|l-
Now for some a € Rwe have
Il af Il =sup {l af )] : | x | < 13 = leelsup{l FCOI: [ x [ < 13 = laell[[ £l

Nsfollows trivially.m
Proposition3.2: For any normed almost linear space X, the dual space X* is a strong normed almost
linear space for the metric pdefined by

p(fi. f2) = sup {|fi(x) = L()|: x € X[llxlll< 1}, f1, f, € X"

Proof: clearly pis a metric onX.
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To prove condition (i) of snals let f, f, € X*andx € By.

Then |fi(0)] < () = L (O] + 1,0 < p(fi, f2) + 2l

Since x € Bywas arbitrary, if follows |||f1|[|I< p(f1, f2) + |lIf2]ll-

Similarly |[[fz[ll< p(f1, f2) + llIfilll- Hence it follows [ [|IA[lI=lIf2[ll | = p(f1, f2)

Now let x € By. By the definition of almost linear functional we have that
fit) = f(0) < fi(0) + fo(=x) = fi(x) + (=lof)(x) < |Ifi + (=1of)|
Similarly f,(x) — fi(x) < |lIfy + (=10l

Hence for each x € Bywe have|f; (x) — ()| < |IIfi + (=1of)||l
Therefore it follows that p(f1, f2) <|||fi + (=1of,)]]]

Hence condition (1) of snalsfollows.

To provecondition (ii) of snals let f; € X*,i = 1,2,3.

Thenp(fy + f3, f2 + f3) = sup{|(fi + 3)(x) — (f2 + f3) (X)|: x € Bx} = p(f1, f2)

To provecondition (iii) of snals we show that for each f € X*, the functiona — p(aof, f)is continuous
atany a > 0.
Indeed, for @ > Owe have p(aof, f) = sup{|f(ax) — f(x)|:x € By} =|la —1| || f ||l

Hence X~ is a strong normed almost linear space.m

Lemma3.3: For any nalsX, Vy+ is a Banach space.Proof:Vy+is a normed linear space for the norm
defined as in the definition of an almost linear functional. By Lemma 2.9 eachf € Vy+is linear on
X.We know that the dual space of a normed linear space is complete. Since Vy+is a normed linear

space it is also complete. Hence Vy+is a Banach space.m

Lemma3.4: Let X be a nals with a basis B. Then for each b, € B\Vythere exists f € X* such that
f(by) =1and f(b) = 0 for eachb € B\{by}.If by € Wy, then f € X™.
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Proof:Let x € X\{0}. Thenx =
Yi=1 a;b;, where b; # b;for i # j, and a; > Oforb; € B\Vy.

Define f(x) = 0if by & {by, ..., by}and f(x) = a;,if b;; = by for some i, € {1, ... ... ,n}.

Define also f(0) = 0. Then fsatisfies all conditions of an almost linear functional. Therefore f € X*.
Suppose now that by € Wy. By Lemma 2.10, we
can suppose |||by||[=1.

Let x = agby + X1y a;b;, where ay > 0,b; # b;for i # j such that f(x) > 0.Then by Lemma 2.13,

we have f(x) = ap = ||| @obolll <[l x ||| and sof € X, ||| f [|[=1.m

Theorem3.5:Let X be a nals such that Wyhas a basis, then X* # {0}.

Proof: Since Wyhas a basis, by Lemma 3.6 there exists f € (Wy)*\{0}.
Let x € X and define f;(x) = f(x —x). Then f; € X* f; # 0and for each x € X,
we have that 0 < f1(x) < [lIf [ll [[lx — xl[[< Z{[If [l lj[|

This implies ||| f1 |||[< o0. Hence f; € X*\{0}. Thus X* # {0}.m

Corollary3.6: If the nalsX has a basis, then X* # {O}m

Theorem3.7:Let X be a nals with a basis B such that card(B\Vy) < oo, then
X ={feXx*f/vx € (Vx)'}.

Proof:Let f € X*,f/Vy € (Vy)*. If f & X*, then there exists x,, € x, |||x,]/| < 1, n € N, such
that|f (x,,)| = o0. Let B\Vy = {by, .... b, }.Then we have that x,, = ¥¥ , an, by + vy, an, =0,

v, EVy,nE€N.

Nowthe sequence {@, },—1,1 < i < kare all bounded.
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Since |f(xn)|= {-‘=1 A, f(bi) + f(v,)| = oo, it follows that |f(v,)| = oo.
Since f/Vy € (Vx)*, we must have [||v,|||— oo.
On the other hand |||v, ||| <|||x,./l| + || £¥, @y, byl|| for eachn € N.

It is a contradiction since the right hand inequality is bounded. Hence f € X*.m

Corollary3.8: If the nalsX has a basis B such that card B < oo,then X¥* = X*.
Proof: By the Theorem 3.7, we haveX* = {f € X*: f/Vy € (Vx)*}, since X has a basis such that
card B < .50 we must have that X* = X*.m

Theorem3.9: Let X be a nals and let f € (Wy)*. Then there exists f; € X*such thatf; /Wy = f, |||fill]
=|lIfllland f1/Vx = 0.

Proof: Let X be anals and let f € (Wy)*.

Define a function fiby fi(x) = f(x —x)/2, x € X.

Then f; satisfies all the conditions of an almost linear functional.Hence f; € X™.
e f( _ )
Al =sup{l I lIlxl|< 1} = supf} === «||lx[|| < 1}

= supif] L2ED ) i) < 13 < SsupflF O + (=] sl < 13
= 2 supi2|f () -]/l < 13 = supiI £ GOl < =[] < oo.
Hence [[f1I| < (|

Letw € Wy, then f;(w) = f(wz_w) = f(w+2(_w)) =f(w)

Hence f;(w) = f(w) for every w € Wy.

Therefore f; /Wy = fand we have|[|f,[| = [[|f[|. This implies [[|f,[I| <[l £l

Let x € Vy, then f;(x) = @ = @ = 0.for every x € Vy.Hence f;/Vy = 0.m

Let X be anals. If (Wy)* # {0}, then X* # {0}.m 3.1
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Theorem3.10:The following assertions are equivalent.

There exists a nalsX such that X* = {0}.
There exists a nals X such that X* # {0}, and X* = Vy-. That is X* is a Banach space.

Proof: To prove (i) = (ii)
Suppose X is a nals such that X* = {0}.
LetY ={(x,a):x € X,a € R}and Lets:Y xY = Yand m: R x Y — Ybe defined by

S((x1 @1), (x2, @3)) = (x1+x2, a1 +a;) and m(y(x, a)) = (yx,ya)

Let 0 € Ybe the element (0,0). Then Y is

an als and we have Vy = {(v,a): v € Vy,a € R}and Wy = {(w,0): w € Wy}. Since X# Vy,

then Y # Vy. Define a norm on Y by [||(x, @)|||i=|||x||| + |«|.Then Y together with||| . |||:is a nals.
Clearly the function f; defined on Yby f;((x, @)) = a, (x, @) € Ybelongs toVy+, and ||| f, |[i=1.We
show that Y* = Vy-.Let f € Y*\Vy«By Lemma 2.8 there exists (W, 0) € Wy, W, € Wysuch that
f((w,0)) > 0.Define the functional fion X by f;(x) = f((x,0)),x € X.

Then f; € X*and by (i) f; = 0, a contradiction Since f;(W,) = f((W,,0)) > 0.

ThereforeVy« = Y*.To show(ii) = (i).

Let X be a nals such that X* = Vy« # {0}.

Since X is not a linear space that Wy # {0}and we have (Wy)* = {0}.Thus there exists nalsWy such
that (Wy)* = {0}.m

Theorem3.11:Let X be a nals with a basis B.

i) Foreach f € (Vy)*there exists fi € Vys, f1/Vy = f.

i1) If card(B/Vy) < oo, then for each f € (Vy)*,there exists f; € Vy+such that f;/Vy = f.

Proof: Suppose B has the property that for each b € B /Vywe have —b € B/Vy.
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i) Let f € (Vx)*\{0}and let x € X /Vyx Now there exists unique by, ...., b, € B\Vy,a; > 0,1 <i <
nand v € Vysuch that x = }}i-; a;b; + v3.2Define f;(x) = f(v)and for v € Vydefine f;(v) =
f(v).Then clearly f; € X*and f; is an extension of f. To show that f; € Vy#, by Lemma 2.8, we
must show that f; (—x) = — f;(x) for each x € X\Vy.

If X has the representation given in (3.2), then —x = »7-; @;(—b;) — vand so f;(x) = f(—v) =
—f(w) = i)

ii). Supposecard (B\Vy) < oo. Let f € (Vx)*"\{0}.Then by (i) there exists f; € Vys. f1/Vyx =
f.Then by Theorem 3.7, the result follows.m

Corollary3.12:Let X be a nals with a basis B, such that card (B\Vy) < . Then X*is total over X.
Proof: Suppose B\Vy = { by, ...., b,} Let xq, x, € X such that f(x;) = f(x;) foreach f € X".

Now we have thatx; = })"_; «

j b+vl,a 20,1 S_]Sn;leVX)L:lrz'

ij 7y ij
By Lemma 3.6 for each b; € B\Vy there exists f; € X* such that jj( b]) = land f; (b) = Ofor

b € B\{b;}.By Theorem 3.9, f; € X # hence by our assumption,

fi(x) = 13-(2};10(1,- b])+ filv) =Y/ ayy fi(b)+ fi(v) =ay.  fi(x)=
E(Z]T';laZj b])+ fi(v) =Xis1ag; fi(b) + fi(v2) = ay;.

Hence a;; = ay;for 1 < j < n.Consequently for each f € X*, we get f(v;) = f(v;).Since Vyis a
normed linear space, by Theorem 3.11, it follows that v; = v,. Therefore x; = xpand

hence X*is total over X.m

Theorem3.13:Let X be a nals such thatX = Wy + Vy.Then for each f € (Vy)*there exists a norm

preserving extension f; € Vy«.

Proof:Let f € (Vx)"{0}.Now for each x € X, there exists unique w € Wy and v € Vysuch that

x = w + v.Define fi(x) = f(v). Clearly f; € X*and f; € Vy#.Now we get |fi(x)| = |f(W)| < || f

T I < NI fand so (i £ f1F= (1T £ 1. m
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Theorem3.14: LetX be snals such thatp is a metric and if x € X\(Wy + Vy). Suppose X = {ax, +

u(=xp) +w+v:w € Wy, v € Vy,a, u = 0}then i) for
each f € (Vy)* there exists f; € V* such that fi\Vy = f i1)
Vy+ # {0} and ii1) for

each f € (Wy + Vy)*there exists f; € X* such that fi\(Wy + Vy) = f.

Proof: We first show that X = X; U X, U (Wy + Vx)3.3 Where X; = {axo+w+v:ia>0,we€E
WX, velVx}

Xy, ={—axg+w+v:ia>0we€Wy,v € Vy}land we have that X; N X, =@, X; n Wy +Vy) =
@,i =1,2.

Since X; U X, U (Wy + V) C X is obvious, let x € X.
Say x = axg + u(—xg) +w+v,aq,u=>0,w € Wy, v € Vy.

If @ = u then, since a(xy—x,) € Wy, it follows that x € Wy + V. If

a > uthenx = (a—p)xy + u(xg —x9) +w+v € Xj.

Similarly if @ < uthen x € X,. This proves (3.3). Since +x, € Wy + Vy, it follows that X; n (Wy +
Vy) =0,i =1,2. Let x € X; N X,. Then there exists a; > 0, w; € Wy, v; € Vy,i = 1,2,such that

X = a1 Xy + 41 + V1= —Xy + Wy + U;.
Hence (a1+az)xg+ wy + vy = ay(xg —xp) + wy + v, € Wy + Vy.
Now againit follows that (a;+a;)x, € Wy + Vy.

It is a contradiction since a;+a, > Oand xy & Wy + Vy.

Therefore X; N X, = @.ForY = Wy + Vy, we get that any x € Xcan be uniquely represented in the
formx = axo +w+v,(xd € R,w € Wy ,v; € Vy) 34

i). Let f € (Vx)*"\{0}.If x € Xhas the representation given by (3.4) define f;(x) = f(v).

Clearly f; € Vy#If f; & Vy+then there exists x,, € X, ||| x,|||< 1,n € N, such that |f;(x,)| = oo.
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Suppose x,, = a,xg + w,+v,,a, € R,w,, € Wy,v, € Vy,n €N. Suppose
that for an infinity of n we have a,, = 0and without loss of generality we can suppose a,, = Ofor

alln € N. Now it follows that |[|a,xy + v,||| < |||x,|||< 1 for eachn € N. And so
the sequence {a, },-1is bounded. Then ||v, ||| £ 1+a,]|x,||, n € Nhence the sequence {|||v,||[};r=11s
bounded. We get the same conclusion if ¢, < 0,n € N.

Then we work with —x; instead of x;. Now

since |fi(x,)| = |f(v,)| = o andf € (Vy)*We obtain thatv,, — ooa contradiction. Hence f; € Vy-.

i) If Vy # {0}, then by (i) we get Vy+ # {0}. Suppose now Vy = {0}.

Let x € X, then by (3.3) there exists unique @ € R,w € Wysuch that x = axy + w. Define

f(x) = al|jxql||. Clearly we have f € Vy 4. Now we get f(x) = al||xol||< |llaxo + w||| = |||x||[Hence f €
Ve \{0}.

iii). Letf € (Wy + Vy)"\{0}. If

Vy = {0}then the result follows by Theorem 3.9. Suppose now Vy # {0} By (i) there exists f, € X*
such that f, /Vy = f/Vyand f,/Wyx = 0. By Theorem 3.9, there exists f3 € X*such that f3/Wy =
f/WXand f3/VX =0.

Let f; = fo+f;5. Then f; € X*and we have f;/(Wy +Vy) = f.m
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