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Abstract: - In this work, the multi-step differential
transformation method (MSDTM) is applied to
approximate a solution of the hyperchaotic Rossler
system. MSDTM is adapted from the differential
transformation method (DTM). In this method, DTM
is implemented in each subinterval. Results are
compared with a fourth-order Runge Kutta method
and a standard DTM. The results show that the
MSDTM is an efficient and powerful technique for
solving hyperchaotic Rossler systems and this method
is more accurate than DTM.
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1. Introduction

The behavior of dynamical systems such as circuits,
mechanical devices, population growth, fluid
dynamics, and weather are studied in a field of
mathematics known as chaos theory. A chaotic
system shows sensitivity to any tiny change in the
initial conditions, so it has unpredictable behavior. In

dx

=—-y—1,

? =X+ ay+w,
L = b+ xz,
8 = cz+dw.
Where X, y, z, and w are state variables and a, b, c,
and d are positive parameters. It is well-known that
this system exhibits hyperbolic behaviour when a =
0:25, b = 3, ¢ = 1J0:5, and d = 0:05. Here, with
respect to these values of constants a, b, ¢, and d,
Rossler  system is studied by differential
transformation method and multi-step differential
transformation method in order to find its
approximate solutions. see [7, 8, 9] for more details.
This paper is organized as follows: Section 2 presents
some basic concepts of differential transformation
method, facilitating the understanding of the ideas
presented in this work. The multi-step differential
transformation method and some important details
Y k) = — [dk" (& 'J} _.
0

I
dx —

other words, it is impossible to predict the future
behavior of a chaos system unless the initial
conditions are entirely known and accurate. The first
chaotic system, known as the Lorenz system, was
discovered in 1963 by Lorenz for solving equations
describing atmospheric flows [1]. Inspiring from
Lorenz, Otto Rossler proposed a chaos system,
known as Rossler system or Rossler attractor,
resulted from studying a chemical reaction system[2].
This system contains three prototype first-order
diferential equations with three dynamical variables
in defining the phase space and three parameters.
This system has been thoroughly studied by many
researchers; (see [3, 4, 5] for more details).
Continuing his work, In 1979 Rossler proposed
another dynamical system which was made of four
first order differential equations as following (see
[6D).

Hyperchaotic Rossler system is the first four
dimensional hyperchaotic system. This system
contains four prototype ordinary differential
equations as the following

(1)

pertaining to MSDTM will be addressed in section 3.
Section 4 is devoted to showing the efficiency and
the accuracy of the proposed method by applying
MSDTM, R.K. and traditional DTM on the Rossler
system and the results are presented in some tables.
So, the results can be compared. Some conclusions
are drawn in section 5.

2. Differential transformation method the basic idea
of differential transform method (DTM) is addressed
in many papers such as [2, 7]. So, knowing the
important properties of this method which are
implemented to achieve our goals are outlined in this
section. Let

(2)
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where y(x) is the solution of differential equation and Y(k) is the differential transformed of y(k). Differentian
inverse transformation of Y(k) is defined as follows

¥ix) =Y 2¥k). (3)
k=0
Therefore, by combining (2) and (3), the following equation will be obtained.
= [d*y(k) x*
i) = iy 4
¥ix) kgﬂ[ & L:&H )

In fact, the concept of differential transformation is gaind from the Tylor series expansion. In order to understand
how this method is implemented in Rossler system, it’s enough to know some essential properties of DTM [9].

1) If f(x) = g(x) + hix), then F(K) = G(k) + H(k),

N If f(x) = aglx). then F (k) = aG{k).

3) If f(x) = glx)h(x), then F (k) = ¥} _( G(I)H (k—1},

4) If fix) = (x —xp)¥, then F (k) = & [k — p) where

5-:1;—j;.={ 1 if k=0,

0 if k£0,
. . dMglx) . e .
SHIF fx) = d—’ then Fik)=(k+ 1)(k+2) - (k+m)G(k +m).
xr

3. Multistep Differential Transform Method

According to the knowledge one learns from section 2, DTM determines a series solution,by a recurrence
relationship, over the whole domain. This approximate solution is valid in the neightborhood of a fixed point t0.
Therefore, the series solution always converges in a small region and this is a drawback of DTM. In order to
enhance the efficiency of DTM,the idea of MSDTM is introduced. see [7] for more details and examples. Consider
the following system of differential equations

Dyi(1) = filt.y1:32," . ¥n):
Dya(e) = falr, v, v, ¥l
Dhye(t) = falt, v 92,0 %), (3)

subject to the following initial conditions

vilt)=14;, i=12--- n (6)

Where D is the first order differentiation operator. Let [0;T] be the whole interval in which the solution of
considered initial value problem (5)-(6) is going to be find. In the multi-step differential transform method (DTM),
the initial interval [0;T] is divided into M subintervals [tm[J1; tm] , of equal step size h="T M, by using the nodes
tm=mh, m=1;2; ;M. After that, the DTM will be applied in each subinterval.

For example, in the first step, the DTM is applied to the initial value problem (5)-(6) over the first subinterval [O;
t1]. Then, using the initial condition yi(0) = Li, for i = 1;2; _ _ _ ;n, the approximate solution yiT11(t), t 2 [0; t1] will
be found. For m_2 and at each subinterval [tm[11; tm]; initial condition yi;m(tm(11) = yi;m01(tm11) will be used.
This process is repeated and it will generate a sequence of approximate solutions yi;m(t); m=1;2; ___;M, fori=
1;2; ___:n. So, the MSDTM finds the solution as follows
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yialt), te :ru.r]]
yialt), te Ity .r;]
vilt) =

_.I'IJ:.HJ[rII- f E rﬂf—]rﬂj]

4. Application
Applying the differential transformation method to the hyperchaotic Rossler system (1) gives

1 .
X(k+1) = = [-Y k) - Z(k)]

Y{k+1)=——[X(k)+a¥(k)+W(k)|
k1 )
Zik+1)= mjﬂﬁ o X(NZ(k—1)]
. 1
Wik+1)= Te1

o[ —cZ (k) +dW (k)]

where X(k), Y(Kk), Z(k), and W(K) are the differential transformations of the corresponding functions x(t), y(t), z(t),
and w(t), respectively. The initial conditions are given by

X(0)=—20, ¥(0)=0, Z(0)=0, W(0)=I5.

Applying the pertinent inverse differential transformation procedure, the solutions will be as follows.
oir) = 14076487 26378237, /1 2R000000000
I5T263814360021% /327680000000
b 24ET2I066SEOR66T: T/ 13107 20000000
55537255701 25369/ SIREA0R000000
F 5331 126534362453 / 26843545600000 — 159657, /3200
b 5529627 22B023467 /54975581 38B000 +1% — 20
¥ir) = —64TSZT9R20351 27 1r? /81 92000000000
b 460T966B0TSSTRZTS 13107 200000000
|469836042426433 " / 10485T60000000
F 6584 185673019147 /1 342177 28000000
IITOBTTIITAVI007r" 21 4748364800000
F51T1426955537067* /13743895 34720000
F1P 160 — 04— Sn
i) = 3TRI0GNEO4E263Tr” {1 6000000000
1271383821325919 %/ 12800000000
b 12627037 52584753 7 [ 32TAR000000
F4P40566IRI 2SS [ 262 144000000
b 31EETITOR T [ROD000 — 318963974 /32000
FTOE01A /400 — 11972 /40 + 3
wir ) = 5636027324223 1217/ 1024000000000
TET244384 1534809 5 / 1276800000000
1 240019031 2046841: 7 {262 1440000000
111 2093667447057 /3355443200000
25453436017 /25600000 — 6368159 /256000
F 1592107 /3200 — 1170 /160 4 30 /4 + 15

Implementation MSDTM results in a polynomial approximation for each state variables, in different subintervals.

Available online: https://edupediapublications.org/journals/index.php/lJR/ Page |3789



https://edupediapublications.org/journals
https://edupediapublications.org/journals/index.php/IJR/

- ® International Journal of Research e-ISSN: 2348-6848

. . . .. . p-ISSN: 2348-795X
g Available at https://edupediapublications.org/journals Volume 05 Issue 12

IORrR April 2018

xir) = 10497 4806:% — 4587 9261° 4 1815092047
63341875 4 18998307 + 47 76714 05833 T 20

¥ir) = —T55.613T% + 336.2742% — 13411177 + 46 926705
1413737 + 3.5845 % + 006783
025000 — 5r 1€ |0,0.01]

z(r) = 2.2504% — 94813.6001:2 + 36837 S21&T — 12752.5710r%

(&)

57
+3814.6500° — 95350000 + 191 — 2 + 3

wir) = 5254.6629 — 22966661 + 90863297 — 317.0040,°
+95 111&° — 238157 + 473787 — 073127 + 0750 + 15

Table 1: Table 1. Differences between 10-term DTM and RK4 solutions

L L

T £ = Tow
1 A HEL = 0¥ EEC PR O 1T 13066 = IF
2 45 = 10¥ 1302 P 0« 1T 3066 = 10¥
3 1.EEGA = 10" 13526 107 L1081 x 10F BT 2 107
4 1 5960 x 10% LBi2E « 108 58058 = |09 12999 = 109
5 L343 10" LAIET =« 10 42986 = 10*! 9EEM = 10¥
i 10T =« 10" 74123 1P 1764 = 10V 50692 - 10"
7 4maE. 299 « 109 B0 = (012 TR = 101
E] 13955 . 1012 10047 5 1070 10149 = 107 FU0044 = 101
9 DGR 101 29074 x 10" E7512x 107 083 o« 10'E
10 L0k I3 75663 x 101 72680 = DM ST 012

Table 2: Table 2. Differences between 10-term MSDTM and RK4 solutions

] o= [MSDTM — RE4|
fal 4 Dy Az Suow

1 00007 0.0003 (L0008 0.0D02
2 .07 0.0018 0.0012 0.0007
3 00007 0.0036 00015 00014
4 0035 00046 L0012 0.0025
5 OGS 0.0034 00007 0.0034
6 0.00ED 0.0001 (L0006 0.0041
T 0056 0.0033 (L0006 0.0047
8 D006 0.0026 (O 0.0054
9 (L] 0.0026 00017 0.0062
10 44 0.0093 00016 00076
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146356100 —0.01)°

0LS0040r — 000002

i) = L7721 —0uo1)®
F 29640 9082(r —0.01)7
3085_8500(r — 0.01)°
F154 5841 — 0017

F733.6852(r —0.01)7

5. Conclutions

In this paper, both differential transformation method
(DTM) and multi-step differential transformation
method (MSDTM) have been succesfully applied to
compute an approximated solution of hyperchaotic
Rossler system. In spite of requiring more
computations in MSDTM, because DTM is applied
on a thousand subintervals,but more accurate results
are obtained. These results also show that the
approximate solutions obtained by MSDTM are valid
for a long time interval, while DTM fails to achieve
this accuracy.
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