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ABSTRACT

This study is centered on the nonlinear
Transportation problems Algorithms
using Nigerian Bottling Company Ltd
Owerri Plant as a case study. This paper
is intended to determine the quantity of
Fanta, Coca-Cola, Schweppes and
Sorite (all in crates) that the Company
should distribute in a month in order to
minimize the cost of transportation and
maximize profit. A problem of this
nature was identified as a Nonlinear
Transportation Problem (NTP),
formulated in mathematical models and
tackled by the Karush-Kuhn-Tucker
(KKT) optimality condition for the NTP.
A statistical software package was used
to obtain the initial basic feasible
solution using the Least Cost Method.
Thus, the result of the analysis revealed

that the optimal solution that gave
minimum achievable cost of supply was
the supply of 8000 crates of Sprite and
5000 crates of the same product to
Umuahia market zone and Eket
respectively; 12000 crates of Coca-cola,
and 4000 crates of the same product to
Nnewi and Eket respectively, 9000
crates and 2000 crates of Schweppes
product to Aba, and Umuahia market
zones respectively; 1000 and 14000
crates of Fanta to Aba and Orlu market
zones respectively., at a total cost of
N509, 000.

Key words: Karush-Kuhn-Tucker,
nonlinear transportation, volume
discount, concave cost,
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1. Introduction

In the linear transportation problem
(ordinary transportation problem) the
cost per unit commodity shipped from a
given source to a given destination is
constant, regardless of the amount
shipped. It is always supposed that the
mileage (distance) from every source to
every destination is fixed. To solve such
transportation problem we have the
streamlined simplex algorithm which is
very efficient. However, in reality, we
can see at least two cases that the
transportation problem fails to be linear.

First, the cost per unit commodity
transported may not be fixed for volume
discounts sometimes are available for
large shipments. This would make the
cost function either piecewise linear or
just separable concave function. In this
case the problem may be formulated as
piecewise linear or concave
programming problem with linear
constraints.

Second, in special conditions such as
transporting emergency materials when
natural calamity occurs or transporting
military during war time, where carrying
network may be destroyed, mileage from
some sources to some destination are no
longer definite. So the choice of
different measures of distance leads to
nonlinear (quadratic, convex, etc.)
objective function.

In nonlinear transportation problem, its
solution is more complex than that of
linear transportation problem. In this
work, solution procedures to the
generalized transportation  problem
taking nonlinear cost function are

investigated. In particular, the nonlinear
transportation problem considered in this
paper is stated as follows;

 We are given a set of n sources
of commodity with known
supply capacity and a set of m
destinations with known
demands.

 The function of transportation
cost is nonlinear and
differentiable for a wunit of
product from each source to each
destination.

» We are required to find the
amount of product to be supplied
from each source (may be
market) to meet the demand of
each destination in such a way as
to minimize the total
transportation cost.

Our approach to solve this problem is
applying the existing general nonlinear
programming algorithms to it making a
suitable modification in order to use the
special structure of the problem.

This paper seeks to solve a
transportation problem with volume

discount. The costs of goods are
determined by factors such as: the costs
of raw materials, labour, and transport.
When cost of raw materials rises, so
does the cost of the goods.

Transportation cost also affects the
pricing system. It is assumed that the
cost of goods per unit shipped from a
give source to a given destination is
fixed regardless of the volume shipped.
But in actuality the cost may not be

fixed. Volume discounts are sometimes
available for large shipments so that the
marginal costs of shipping one unit

might follow a particular pattern. Our
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focus will be to develop a mathematical

model using optimization techniques to

close the demand and supply gap by
discounting so as to minimize total

transportation cost. This research seeks
to apply the existing general nonlinear

programming algorithms to solve our

problem

2. Review of related Literatures

Zangiabadi and Maleki (2007) presented
a fuzzy goal programming approach to
determine an optimal compromise
solution  for the  multi-objective
transportation problem by assuming that
each objective function has a fuzzy goal.
A special type of non-linear (hyperbolic)
membership function is assigned to each
objective function to describe each fuzzy
goal. The approach focused on
minimizing the negative deviation
variables formed to obtain a compromise
solution of the  multi-objective
transportation problem.

Ekezie and Opara (2013) carried out a
research on the transportation algorithm
with volume discount on distribution
cost using Port Harcourt flour mills
company Ltd as a case study. The
research was intended to determine the
guantity of Golden Penny Flour (in 50kg
bags), Golden Penny Semovita (in 10kg
bags) and Wheat Offals (also in 50kg
bags) that Port Harcourt Flour Mills
Company should distribute in a month in
order to minimize transportation cost
and maximize profit. A problem of this
nature was identified as a Nonlinear
Transportation Problem (NTP),
formulated in mathematical terms and
solved by the KKT optimality condition
for the NTP. The initial basic feasible

solution using Vogel Approximation
Method (VAM) was obtained. The result
of the analysis revealed that optimality
occurred at the second iteration and
allocations were made.

Lau et al. (2009) presented an algorithm
called the fuzzy logic guided non-
dominated sorting genetic algorithm to
solve the multi-objective transportation
problem that deals with the optimization
of vehicle routing in which multiple
depots, multiple customers, and multiple
products were considered. Since the total
traveling time is not always restrictive as
a time constraint, the objective
considered comprises not only the total
traveling distance, but also the total
traveling time. Lohgaonkar and Bajaj

(2010) used fuzzy programming
techniqgue with linear and non-linear
membership  function (hyperbolic,
exponential) to find the optimal
compromise solution of a multi-
objective  capacitated transportation
problem.

Ekezie et al (2013) carried out a research
on the determination of paradoxical pairs
in a linear transportation problem. In
their study, an efficient algorithm for
solving a linear programming problem
was discussed, and it was concluded that
paradox exists. The North-West Corner
method was used to obtain the initial
basic feasible solution for the optimal
solution. They also used the algorithm
discussed to develop a step by step
solution procedure for finding all the
paradoxical pairs.

Caputo (2006) presented a methodology
for optimally planning long-haul road
transport activities through proper
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aggregation of customer orders in
separate full-truckload or less-than-

truckload shipment in order to minimize

total transportation cost. He has
demonstrated that evolutionary

computation technique may be effective
in tactical planning of transportation

activities. The model shows that

substantial savings on overall

transportation cost may be achieved by
adopting the methodology in a real life

scenario.

Kikuchi (2000): Suggested that in many
problems of transportation engineering
and planning, the observed or derived
values of the variables are approximate,
yet the variables themselves must satisfy
a set of rigid relationships dictated by
physical principle. They proposed a
simple adjustment method that finds the
most appropriate set of crisp numbers.
The method assumes that each observed
value is an approximate number (or a
fuzzy number) and the true value is
found in the support of the membership

3. M ethodology

3.1

function. This process was performed
using the fuzzy linear programming

method for each of many possible sets of
values for the problem.

Ekezie et al (2013) in their research on
paradox, a transportation problem with
an objective function as the sum of a
linear and linear fractional function was
considered. The result of their analysis
showed that a paradoxical situation
arises in the sum of a linear and linear
fractional transportation problem, when
value of the objective function falls

below the optimal value and this lower
value was attainable by transporting
larger number of passengers. An
algorithm was discussed for finding

initial basic feasible solution for the sum
of a linear and linear fraction

transportation problem and a sufficient
condition for the existence of a

paradoxical solution was established.
Data collected from a secondary source
were used for the explanation of the
algorithm.

THE KARUSH-KUHN-TUCKER (KKT) OPTIMALITY CONDITION

FOR NONLINEAR PROGRAMMING PROBLEM
Given the non linear programming problem (NNP):

min  f(x)
st.gx)<0 i=1, ..,
h(x) =0 i=1, ..,

k (D

3.1.1 KARUSH-KUHN-TUCKER NECESSARY OPTIMALITY

CONDITIONS

Theorem 1: Given the objective function R" —. R and the constraint function are g

R" - Rand h: R" - R and I = {i: g(x*) = 0}. In addition, suppose they are
continuously differentiable at a feasible pointafd (gi(x*) for i Ol and Oh;(x*) for j =
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.| be Iinearly independent. If x* is minimizer of tpeoblem (NPP), then there exist
scalars)\l, I = , kandy,;; j =1, ...,1, called Lagrange multipliers, such that

O (x*) +ZXiEgi(x*) +ZHJ.Dh x*=0

Ag;(x*) =0 e (2)
A 20; IOR

3.1.2 KARUSH-KUHN-TUCKER SUFFICIENT OPTIMALITY

CONDITIONS FOR CONVEX NPP
Further, if f and each; @re convex, each Is affine, then the above necessary optimality
conditions will be also sufficient (Simons; 2006).

Justification
Let x be any feasible point different form x*. Frdhe first KKT conditions we obtain

OF (x*)(x =x*) = {ZXDQI(X*)(X —X*) + ZH;Dh i(x*)(x —X*)j
Since eachi(x) is convex,\, = 0 andhj(x*)(x — x*) = 0 [Jj, we also have
NG (x %) < 3N, [9,(0-9,(x)]

= OFX)(x-x*) 2= Ag(x) 20

From convexity of f(x), therefore, we get
f(x) — f(x*) =0

= f(x*) < f(x) for any feasible x.

4, SOLUTION PROCEDURES TO THE NONLINEAR TRANSPORTATION
PROBLEM (NTP)

In this section, we consider a transportation @obWwith nonlinear cost function. We try

to find different solution procedures dependingtia nature of the objective function.

Before going to the different special cases, letfsulate the KKT condition and general

algorithm for the problem.

Given a differentiable function CR"™ - R.
We consider a nonlinear transportation problem (NTP

min C(x)
s.t. Ax<b (3)
x=0

where
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Xnm :
dn,
1111
1111
1111 ..1
1 1 1
A =
1 1 1
1 1 1
1 1 1 1
1 1 1 1
The KKT Optimality Condition for the NTP
The transportation table is given as:
0C(X) 0C(X) S1 U
0X,, 0X 4,
0C(X) S u,
0X;
0C(X) 0C(X) S Un
0X 4 0X
di d dm
Vl V]. Vm
whereX is the current basic solution.
The Lagrange function for the NTP is formulated as
z(x, A, w) = C(x) + w(b — Ax) -Ax 4)
whereA and w are Lagrange multipliers and
AORT™U(0)
wORn*m
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The optimal pointx should satisfy the KKT conditions:

Oz =0C(X)—-WA-A=0

AX =0
A=0
X =20
Specifically for each cell (i, j) we have
0z _ 0C(X)
—=——-(uVv)e.e.,)A =0
o, ox, U Vv)E ... — A,
Aixij =0
Xj=0
Aij =0

()

Where k=1 ... nm and w = (U, V) =1(U2... Un, Vi... Vm), &OR™" is a vector of zeros

except at position k which is 1.
From the conditions (5) and = 0, we get,

aa_Z: 0 (U +v;)20
X; 0X;
0z 0C(X
ox, X”{ a>§.. b+ VJ)J =0
ij ij
Xj =0

General solution procedure for the NTP
e [nitialization

Find an initial basic feasible solution
e [teration

(6)

(7)

Step I if X is KKT point, stop. Otherwise go to the next step.
Step I1: Find the new feasible solution that improves tst function and go to step

1(Kidist; 2007)

5. TRANSPORTATION
PROBLEM WITH CONCAVE
COST FUNCTIONS
For large distributions, volume discount
may be available sometimes. In this case
the cost function of the transportation
problem generally takes concave
structure for it is separable and the
marginal cost (cost per unit commodity
distributed) decreases with increase in
the amount of distribution; because of
the total cost increase per addition of

unit commodity distributed. The
discount

1. May be either directly related to
the unit commodity.

2. Or have the same rate for some
amount.

Case 1: If the discount is directly related
to the unit commodity, the resulting cost
function will be continuous and have
continuous first partial derivatives.
Nonlinear programming formulation of
such a problem is given by
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n m

mind > C;(x;)

=

m

sty x; =s,
=

n

; X; =d,

Where G :R-R

j=1,2,...,m

i=1,2,...,n;

\

> (@8

/

6. THE TRANSPORTATION CONCAVE SIMPLEX ALGORITHM (TCS)

Initialization

Find the initial basic feasible solution using somle like west corner rule.

9)

Iteration
Step 1: Determine the values of and vfrom the equation,
o) _ (U +v;)=0
0Xg;

Where xij are the basic variables.

Step 2: If
0C(X)
0X

-, +v,)=20
i

(10)

for all xj — non basic, stopx is KKT point. Otherwise go to step 3.

Step 3: Calculate

X, 0xX;
xr Will enter the basis. Allocatenx= 0
where 8 is found as in the linear
transportation case.
Adjust the allocations so that the
constraints are satisfied.
Determine the leaving variable sayrx
where % is the basic variable which
comes to zero first while making the
adjustment. Then find the new basic
variables and go to step 1.

7. Data Analysis
The Nigerian Bottling Company Ltd

(NBC) operates 13 plants in Nigeria,
which Owerri is one of the plants. NBC

(11)

operates Owerri Plant since 1982 and is
located in the capital city of Owerri in

Imo State in South-East Nigeria. The
Owerri Plant is responsible for the

production of Coca-Cola, Fanta, Sprite
and Schweppes and distribution of all
product categories.

For the sake of this research, only five
market segments (Aba, Umuabhia,
Nnewi, Orlu, and Eket) and four soft

drinks (Coca-Cola, Fanta, Sprite and
Schweppes) shall be taken for this study.
The cost of purchasing and transporting
the drinks from the plant to the market
centres is given in Table 1 below.
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Table 1: Cost of Transporting the Drinks to the variougkeazones.
Products Availability Mar ket segments

Aba Umuahi| Nnewi | Orlu Eket Supply

a

Sprite 13000 13 9 10 11 9 13000
Coca-Cola | 16000 12 10 7 14 9 16000
Schweppes 11000 14 11 15 12 15 11000
Fanta 15000 12 16 13 8 14 15000
Requirement of Drinks 10000 10000 1200( 14000 9000 55000

All the value in the Table 1 apart from requirenseaud supply are in Nigerian Currency
(Naira) value. The Policy of the Company assumssadints on each product transported
from source to destination and it is directly rethto the unit commodity purchased and
transported, and the percentage discounts are simoviable 2.

Table 2: Percentage Discounts

Aba Umuahia Nnewi Orlu Eket
Sprite 0.02 0.03 0.02 0.02 0.005
Coca-Cola 0.03 0.01 0.02 0.013 0.015
Schweppes 0.02 0.04 0.04 0.02 0.05
Fanta 0.014 0.02 0.03 0.05 0.01

The problem is to determine how many creates di paaduct to be transported from the
source to each destination on a monthly basisderao minimize the total transportation
cost.

Table 3: Forming the transportation tableau

Aba Umuahia | Nnewi Orlu Eket Supply
Sprite 13 9 10 11 9 13
Coca-Cola 12 10 7 14 9 16
Schweppes 14 11 15 12 15 11
Fanta 12 16 13 8 14 15
Demand 10 10 12 14 9

To form the transportation tableau, let c,= the per unit of transporting

i.:_prodgct _ to be suppll_ed; commodity fromi to destinationj. If
j—destlngtlon of each producty = we suppose that discount is given on
the capacity of source node d; = the each crate transported fromto j, then

demand of destination ; x; =the total the non-linear transportation problem
capacity from sourcé to destination; ; can be formulated as

Available onlinehttp://internationaljournalofresearch.org/ Page | 1358
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Minimize
13(11+9)S2+1O(13+1:bi4+9)(15+12(21+10(22+7x23+14<24+9)(25+14(31+1l(32+15(33+12(34+

15X, +12x,, +16X,, +13X,, +8X,, +14X,,

Subject to:
Xy ¥ X + X5+ Xy, + X5 = 13000
Xo1 Xpp + Xp5 + X5y + Xp5 = 16000
Xg1 F Xgp + Xgg + X + Xg5 = 11000
Xg1t Xgp + Xyg + Xy + X5 = 15000
Xy ¥ Xpp + X5, + %, = 10000
Xp + X5 + Xgp + X, =10000
X3+ Xog + Xa3 + X3 =12000
X4 Xoq + Xy + X, = 14000
X5+ Xo5 + X5 + X5 = 9000

Where
CyXy =13%, — p11X121 CarXay = 14X, — p31X321
CipXpp = 9%, — p12X122 C3p Xz = 11Xy, — pszxgz
Cis%3 =105 — p13X123 CyaXag = 19%g5 = p33X§3
CreXyy =1Ix, — p14X124 CaaXgy =12%, — p34X324
CisXis = X5 — p15X125 CysXgs = 19Xg5 — p35X325
Co1Xo = 12X21 - p21X221 CprXa1 = 12X41 - p41X§1
CoXop =10%,, = PyoX3, CaXep = 16%,, = PipXi
CoaXos = TXp5 = PysXss CasXas =13Xy5 = PysXis
CpaXoq =14X,, — p24X224 CasXas = 18X44 - p44X§4
CosXas = Nys ~ pzsxgs CasXys = 14X, — p45Xf5

If we allow the following discounts on each trandpd product | from the source to each
of the destinations, we obtain the cost functighnwhich can be expressed as;

C1%yy, =13%, — 002 X Cyy X = 14X, — 002x2,
C1oXp, = 9%, — 003X, CapXgp =11%,, — 0042,
Cis%ys =10%,, - 002X, CagXss = 15Xy, — 004x2,
CaXyy = 11x, = 002x7, CauXay =12%,, — 002X2,
CoeX,s = 9% — 0005X2 CosXys = 15%,, — 005X2
Cyy Xy, =12X,, — 003X5, Cy Xy =12, — 0014x2,
CypXy, =10X,, — 001X, CypXyp =16X,, — 0022,
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CpiXpg = TX,g — 0022,
CpuXpq =14X,, — 0013%Z,
CpsXos = IX,s — 0015X5,

The tableau is then developed as below;

CyaXaz = 13X, — 003X,

— 2
ChaXqq = 8X,, — 005X;,

CusXes = 14X, — 001X,

Aba Umuahi: | Nnewi Orlu Eket Si Ui
Sprite [13] L9 [10] 111 L9 13000 |
Coca-Cola [12] 10 ivd 14 [9 | 16000 | u,
Schweppes [14] L1 [15] 12 [15] 11000 u,
Fanta l12]  [adl [13] | 8] [14] 15000
d 10000 10000 12000 14000 9000
Vj A v, V, v, A

Using the Least Cost method, we get the initialdsglution as shown below.

Aba Umuabhiz | Nnewi Orlu Eket St u
Sprite (13 | [ 9] [10] [ 11] | 9] 13000 u
8 5
Coca-Cola [12]  [10] L 7] |14 | 9|| 16000 | u
12 4
Schweppes [14 [11] [15] [12] [15] 11000 | wu
9 2
Fanta 112 | 16] | 13] |_8| |£| 15000
1 14
d 10000 10000 12000 14000 9000
% A Vv, V, Vv, A

X= (Xll. XB 12,X1& X14, XB 15,X 21, X22, XB 23,X24, XBZS, XB31. XB 32,X 3&X34,X35, XB 41.X 42,X43, XB 44, X45)

(

0800500120/49,2000100140), in thousand with the total transportation

cost of N509,000.

Now, we use the KKT optimality conditions to impeoupon our solution. The partial

derivatives atx for the cost function are given as;
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of (x) _13 O (%) gsp  Of (%) 0 9 (%) _yy Of (%) 895
axll ale a)(13 a)(14 aXlS
of (x) _y, Of (%) _10 O (%) 652 of (x) _qyg Of (x) 888
aX21 aX22 a)(23 aX24 aX25
of (x) _ 1360 O (%) _ 1084 O (%) _y5 Of (%) _, O (%) 15
0%y 0X;, 0Xs5 0%s, 0%s5
of (x) _ 1197 O (x) _1g O (x) _13 O (%) _ e O (x) 14
0%y 0%, 0%y5 0%y 0%y
Now we find from the cost equation of the occued,;
oz _ of () _ o af(x)
—=——"-U -V =0=>—+=u +v,
OXg; 0%y J OXg; '
Thus,
u, +v, = 852 u, +vg = 895 u,+v, = 652 U, +Vv,= 888
u; +v, = 1364 u; +v, = 1084 u, +v, = 1197 u, +v, = 66
Letting u, =0, from the equation above, we obtain, =0, u, =-007,

u, = 232, u, = 065 v, =1132 v, =852 v, = 659 v, =595and

v, = 895
We proceed to find the net evaluation factor orréticed costs for the non-basic
variable.
2T IOV . [
0%, 0%, OXg3 0%y
0z = of (X) —U —V; = 341 0z = of (X) —U; -V, = 373
0%  0X5 0%y, OXgy
0z _of(X)_, _, =505 oz )y, = a3
0%, 0X, 0Xgs  OXag
0z =af(X)_u2_Vl:0_75 i:af_(x)—uzl—vzz6_83
0%y OXyy 0%, 0%y,
0z :af(x)_u2 v, = 155 ﬂzaf_b()_u4_v3:5_76
0Xy, 0%y, 0%,  OX,q
3z :af(x)—uz—v4:—188 ﬂzaf(X)—u4—v5:4.4
0%y, 0%y, 0,5 OXys
Available online:http:/internationaljournalofresearch.org/ Page [1361
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Since all the reduced costs for the non-
basic variables are all positive, it implies
X is the KKT optimality point.
Because optimal solution is our primary
goal, we then proceed to make our
allocation.

Hence, the feasible solution that 8000
crates of Sprite and 5000 crates of the
same product should be supplied to
Umuahia market zone and Eket

respectively. 12000 crates of Coca-Cola
and 4000 crates of the same product to
Nnewi and Eket respectively. 9000

crates and 2000 crates of schwepes
product should be supplied to Aba, and
Umuahia market zones respectively.
1000, and 14000 crates of Fanta should
be allocated to Aba and Orlu market
zones respectively. Total cost = 8000
(9) + 5000(9) + 12000(7) + 4000(9)

+9000(14) + 2000 (11) + 1000(12)

+14000(8)=N509, 000.

8. Conclusion

We have described the transportation
problem of Nigerian Bottling Company
Ltd Owerri Plant as a non-linear
transportation problem. We also applied
KKT optimality algorithm to solve the
company's problem. Note that our
research centred on the model of the
non-linear transportation problem for a
particular company in Nigeria. It can
however be applied to any situation that
can be modeled as such.

This paper aimed at solving
transportation problem with volume
discount on quantity of goods shipped

Nigerian company Ltd Owerri Plant, it

was observed that the optimal solution
that gave minimum achievable cost of
supply was the supply of 8000 crates of
Sprite and 5000 crates of the same
product to Umuahia market zone and
Eket respectively; 12000 crates of Coca-
cola, and 4000 crates of the same
product to Nnewi and Eket respectively;
9000 and 2000 crates of Schweppes
product to Aba, and Umuahia market
zones respectively; 1000, and 14000
crates of Fanta should be allocated to
Aba and Orlu market zones respectively,
at a cost 0£N509,000.

Using the more scientific transportation
problem model for the company’s
transportation problem gave a better
result. Management may benefit from

the proposed approach for their
transportation problem purposes. We
therefore recommend that the

transportation problem model should be
adopted by the company for their
transportation problem planning.
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