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Abstract:

In this article, the theorem of a universal coefficient of fuzzy homology modules is illustrated. By this

result, we drawing the Mayer-Vietories sequence of fuzzy homology and allot several ensue on it.
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Introduction

The ideas of a fuzzy algebra were presented in [7]. What's more, in [8], the fuzzy modules were
introduced. And then, the category of fuzzy modules has examined in [10] and [6].
In [2] the scientists have presented (co)chain complexes of the fuzzy category. And they defined the
fuzzy module and it’s an exact sequence. Furthermore, they delineated the outcomes utilizing in [5] and
[6]. And in [1], Sadi B. and Cigdem G. construct the fuzzy homology module sequence under some
conditions to prove the theorem of universal coefficients of fuzzy homology.

Here, we requisite to direct the underlying definitions and theorems which we utilized after. The

references which testament use are [3], [4], [9], [10] and [11].
Definition 1:

A chain complex of a fuzzy module 6, = {6, , d,,} over A the object with the fuzzy endomorphism
0 =0, - 0, with 90 = 0 and imd,,., S kerd,,.
Then we can define the (nth) fuzzy homology module as

5~ kerd
Ha(8) = 6, " n/im6n+1

Where 6, denotes the fuzzy quotient of kerd,, byimo,,,,.
Theorem 1:
The additive functor H,,(*) is the map
H,(*¥): FComp —* fzmod vn €Z. (See[2])
Definition 2:
Consider the right fuzzy A-module u4 and the left fuzzy A-moduleVy. The fuzzy projective of uy is
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_ 7 g _
0 = pog = top 2 Ua— 0
Then we define
F —Torg' (ua, V) = ker(f. = f ® 1: (o ® VIrg,B = (o ® V)pg,B)
Then the following fuzzy sequence is exist

_ A i fei g1 _
0-F— TOTg (1a, Vg) = (1o ® V)R®AB — (1o ® V)P®AB — U V)A®AB -0

Definition 3:

We can define the cohomology of a fuzzy module H (6. )of fuzzy chain complexé, = {egn, 5”}, since

the coboundary fuzzy operator d: 6, — 6, such that; 99 = 0. Then

— n
H(8c) = {(H"(8));  H™(8c) = 0™ (ke 9%/, 1)
Example 1:
Let 8, and vy are right and left fuzzy in A-fzmod, respectively. And consider the fuzzy projective of

0, as;
_ 7 g _
0 > 8o, = 0y, = 0 — 0
Then the fuzzy co-chain complex is,

6 g HomA(HOP,UB) ﬁ Hom(goR’vB) - O

i i
_ 0t a° 51
0 - - ¢t L0

Since, O¢, = 0 Vn=0,1then we can compute the cohomology as

Hom,(6,,vg) ifn=0
H™(0c) =1 Ext,(us,vg) ifn=1
0 otherwise

Definition 4:

Let @ and v are two fuzzy chain maps since @, : 6, — Vp, then the fuzzy homotopy
5: ¢ — 1 is the morphism with the degree +1 of £:6, > Vp s.h. ¥ — @ = 35 + 50,
then vn € Z; we have

U — P = Opir Sy + £y 0

Proposition 1:

The map H(@) = H(): H(O;) » H(Vp) is fuzzy map. Where @,1:0, — Vj, are two fuzzy
homotopy.
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Theorem 2:

The sequence

s Haa(60) < Ha(00) « Ha(6) < Hn(0p) = = (1)
is the fuzzy homology exact sequence where the exact short sequence
6—>9‘C\—i>ecf>9;\\—>6 (2)
is a fuzzy splitting sequence.
Proof:
Since the sequence (2) is the fuzzy splitting, then the fuzzy homomorphisms,
02, =08, Gn6-0F  Vner
are existed and satisfy,

Jnoly = 19‘7} ) Pn°qn = 19“!}: hofntqnepn= 193
Cn Cn n

Then,

VN € Z;dy = fuoq1 © Op © G HC: - 9?1 and d = {d, }: 6" — 6, are the fuzzy homomorphisms of

fuzzy modules and fuzzy chain complexes, respectively.
Let, d = {d,: C,, > Cn_1}, then
in—z(a;z—1dn) = (in—16£—1)]'n—1anCIn = 0p—1(ln-1Jn-1)0nqn = an—l(lcn_1 - qn—lpn—l)anqn
= O0n-10nqn = On-1qn-1Pn-10n Gn = —0n_1qn-1Pn-10nqn
= ~0n-1Gn-1(Pn-10n)n = —On-1qn-10nPnln = —0n_1Gn-19n1c) = —On_1qn_10,
= —(in-2jn-2 + Gn-2Pn-2)On-10n-10n
= —lp Un—zan—lqn—l)a;; — Gn-2(Pn—20n-1)Gn-10n
= —lp— (dn—161\1\) - Qn—za;—l(pn—ﬂZn—l)a; = _in—Z(dn—la;)
Then we get d,,d,, = d,,_,9,, since i,,_, is a monomorphism. And
vV [Z] € Hy(C™),0.,(Z) = [inly © 0n 0 ju {(B)] = [jn-1 © 0n © qu(Z)] = [dn(D)] = dp+[Z]
Then the map 4, : H,(6,~) = Hn—1(6,) is a fuzzy homomorphism. Then (2) is an exact
sequence.

Proposition 2:

The short exact sequence

G*HA‘E’VA—’UA“—’G

is split fuzzy sequence with ug-, then the short exact sequence
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6_>9A‘®/135§VA - up = Na Q Up -0

is split fuzzy sequence.
Proof:

From the definition of the tensor product. Since 6, = {egn, 5n} and for u; we have, 6, Q ug =
{% @ Ue, 571 X iuc}'
Definition 5:

Consider 6. be a fuzzy chain complex, then the fuzzy homology is the homology with coefficients p,
and denoted by H, (0, u¢).
Theorem 3:

From the split fuzzy sequence of the short exact sequence with u

0> 60,—60;—>0~—0
We get the fuzzy homology exact sequence
e Hy 1 (05 6) < Hn(6c5 6) < Ho(Oc; 1g) < Hn(6¢5 1) < -

Theorem 4:

Let the free fuzzy chain complex 6. and fuzzy module y,, then the sequence
0~ Hy(80) ® i = Hn(8c ® k) = F — Tor(Hy_(6), 16) = 0
is split.
Proof:
Consider two sub-complexes 8z = {kerd, < 6, }and
Osc) = {kerén c ch_l} of 6. are free fuzzy chain complexes with the fuzzy homomorphisms

@n: 07 c) — Oc, B B¢, = g, _,(c)- The short exact sequence

0> Bs¢c) > bc 5 Oy ~ 0
is exact. And we define the fuzzy homomorphism h,: 85 _ () = Cc, such that; 8, o h, = 15 __(¢).
Thenthe map hy, ® 1,,.:65 . () ® 1 = O, @ g define

F —Tor(0c; pue) = Hn(0c; pe)
That is the inverse fuzzy homomorphism of

Hy(O¢; ) = F — Tor(8¢; pg)
Definition 6:
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Let 6,0 and T are the notations for the fuzzy chain complex, free fuzzy complex and fuzzy
homomorphism, respectively. Then #: 8 — 6, where, ¥.: H(0z) — H(6,).
Theorem 5:

Let 8. be a fuzzy complex, 68, and 85 are sub complexes of 6. such that, 6. = 8, U 65. If we define
the fuzzy homomorphisms
L.:H.(64 N 65) > H.(0,)®H.(65) and J.: H.(02)®H.(65) - H.(6c) as T.(y) = (11.(1), —T2.(y)),
Je(r1,72) = J1.(y1) + J2.(v2) Where
11:0,N0p = 04,1,:0,N0g = Op, j1:04 = O, J,:05 = O such that j.i, = 0. Then we note that
kerj, = imi, and by define fuzzy homomorphisms d,: H,(6;) — H.(6, N 63) and h,: H,(85,6, N
0g) —» H.(6.,0,). Then we get the fuzzy long exact sequence

o4 k. F]
Hn (64N 6g) = H,(65) = H.(050,065) = Hy_1(6,065)
il* ~L jZ* J, fl* l il* ‘L

jl* i*

H,(6,) —  Hy(6c) S Hp(6c,64) - Hy—1(6,4)
since 8, o (A,) o L: Hy(8) = Hy_1(64 N 6p).
Theorem6:
Consider 6.,M and M,.(M) are a fuzzy module bimodule over 6. and the matrices of r X r degree,
respectively. Then, V r > 1, we have
tr.: H.(M,(6c), M (M) — H.(6¢, M)
and
inc.: H.(6¢, M) - H.(M,.(6), M,.(M))
which are inverse to each other.

Proof:

Now, we need to prove that (inc o tr) and (id) are homotopic. Consider the presimplicial homotopy
h where;
B ) (<1, Ry M (M) @ M (60) " = M, (M) @ M (6)®"
Since
Ri@, @™ = ) B (ah) ® Eny(ahn) - @ Eix (h) ® Erg(D ® ™' @ .. @ a”

Such that, a® € M, (M), otherwise a® € M, (8.), and h; satisfy that

(1)  dihy = hi_4d; if i<j,
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() dihy=dihi, if0<i<ni=jj+1,
(3) dih; = hyd;_4 ifi>j+1.
Where h = 31 o(—1)'h; and for n = 0, h(a) = Ej; (aj) ® E1x(1). If n=1, h(a,b) = Ej;(a) ®
Ei (1) ® b — Ej;(aji) ® E11(byi)E1i(1).

~hd +dh =dyhy — dysih, s.h. id =dohy,  dpyqh, =incotr
Then we get the required.
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