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Introduction 

   The ideas of a fuzzy algebra were presented in [7]. What's more, in [8], the fuzzy modules were 

introduced. And then, the category of fuzzy modules has examined in [10] and [6]. 

In [2] the scientists have presented (co)chain complexes of the fuzzy category. And they defined the 

fuzzy module and it`s an exact sequence. Furthermore, they delineated the outcomes utilizing in [5] and 

[6]. And in [1], Sadi B. and Cigdem G. construct the fuzzy homology module sequence under some 

conditions to prove the theorem of universal coefficients of fuzzy homology. 

      Here, we requisite to direct the underlying definitions and theorems which we utilized after. The 

references which testament use are [3], [4], [9], [10] and [11]. 

Definition 1: 

   A chain complex of a fuzzy module 𝜃𝐶 = {𝜃𝐶𝑛
𝑛 , 𝜕𝑛} over 𝛬 the object with the fuzzy endomorphism 

𝜕 = 𝜃𝐶 → 𝜃𝐶  with 𝜕𝜕 = 0 and 𝑖𝑚𝜕𝑛+1 ⊆ 𝑘𝑒𝑟𝜕𝑛. 

 Then we can define the (nth) fuzzy homology module as 

𝐻𝑛(𝜃𝐶) = 𝜃̅𝑛  
𝑘𝑒𝑟𝜕𝑛

𝑖𝑚𝜕𝑛+1
⁄  

Where 𝜃̅𝑛 denotes the fuzzy quotient of 𝑘𝑒𝑟𝜕𝑛 by𝑖𝑚𝜕𝑛+1. 

Theorem 1: 

   The additive functor 𝐻𝑛(∗) is the map 

𝐻𝑛(∗): 𝐹𝐶𝑜𝑚𝑝 →∗ 𝑓𝑧𝑚𝑜𝑑              ∀ 𝑛 ∈ ℤ. (See [2]) 

Definition 2:  

   Consider the right fuzzy 𝛬-module 𝜇𝐴 and the left fuzzy 𝛬-module𝑉𝐵. The fuzzy projective of 𝜇𝐴 is  
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0̅ → 𝜇0𝑅
𝑓̃
→ 𝜇0𝑃

𝑔̃
→ 𝜇𝐴 → 0̅ 

Then we define 

𝐹 − 𝑇𝑜𝑟𝑔̃
𝛬(𝜇𝐴, 𝑉𝐵) = ker(𝑓∗ = 𝑓 ⊗ 1̃: (𝜇0⊗𝑉)𝑅⊗𝛬

𝐵 → (𝜇0⊗𝑉)𝑃⊗𝛬
𝐵) 

Then the following fuzzy sequence is exist 

0̅ → 𝐹 − 𝑇𝑜𝑟𝑔̃
𝛬(𝜇𝐴, 𝑉𝐵)

𝑖̃
→ (𝜇0⊗𝑉)𝑅⊗𝛬

𝐵
𝑓̃⊗𝑖̃
→  (𝜇0⊗𝑉)𝑃⊗𝛬𝐵

𝑔̃⊗1̃
→  (𝜇 ⊗ 𝑉)𝐴⊗𝛬𝐵 → 0̅ 

Definition 3: 

   We can define the cohomology of a fuzzy module 𝐻(𝜃𝐶)of fuzzy chain complex𝜃𝐶 = {𝜃𝐶𝑛
𝑛 , 𝜕𝑛}, since 

the coboundary fuzzy operator 𝜕: 𝜃𝐶 → 𝜃𝐶 such that; 𝜕𝜕̃ = 0. Then 

𝐻(𝜃𝐶) = {𝐻
𝑛(𝜃𝐶)};    𝐻

𝑛(𝜃𝐶) = 𝜃̅
𝑛 (𝑘𝑒𝑟 𝜕

𝑛

𝑖𝑚𝜕𝑛−1⁄ ) 

Example 1: 

   Let 𝜃𝐴  𝑎𝑛𝑑  𝑣𝐵 are right and left fuzzy in 𝛬-fzmod, respectively. And consider the fuzzy projective of 

𝜃𝐴 as; 

0̅ → 𝜃0𝑅
𝑓̃
→ 𝜃0𝑃

𝑔̃
→ 𝜃𝐴 → 0̅ 

Then the fuzzy co-chain complex is, 

0̅ → 𝐻𝑜𝑚𝛬(𝜃0𝑃 , 𝑣𝐵)
𝑓̃∗

→ 𝐻𝑜𝑚(𝜃0𝑅 , 𝑣𝐵) →      0̅

1̃‖ 1̃‖

0̅
𝜕̃−1

→       𝐶0                
𝜕̃0

→                𝐶1     
𝜕̃1

→    0̅

 

Since, 𝜃𝐶𝑛
𝑛 = 0̃      ∀ 𝑛 ≠ 0,1 then we can compute the cohomology as 

𝐻𝑛(𝜃𝐶) = {
𝐻𝑜𝑚𝛬(𝜃𝛬 , 𝑣𝐵)          𝑖𝑓 𝑛 = 0

𝐸𝑥𝑡𝛬(𝜇𝛬, 𝑣𝐵)            𝑖𝑓 𝑛 = 1
      0                          𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

 

Definition 4: 

   Let 𝜑̃ and 𝜓̃ are two fuzzy chain maps since 𝜑̃, 𝜓̃: 𝜃𝐶 → 𝑉𝐷, then the fuzzy homotopy  

𝛴̃: 𝜑̃ → 𝜓̃ is the morphism with the degree +1 of  𝛴̃: 𝜃𝐶 → 𝑉𝐷  𝑠. ℎ.   𝜓̃ − 𝜑̃ = 𝜕𝛴̃ + 𝛴̃𝜕, 

 then ∀𝑛 ∈ ℤ; we have  

     𝜓̃𝑛 − 𝜑̃𝑛 = 𝜕𝑛+1𝛴̃𝑛 + 𝛴̃𝑛−1𝜕𝑛 

Proposition 1: 

   The map 𝐻(𝜑̃) = 𝐻(𝜓̃): 𝐻(𝜃𝐶) → 𝐻(𝑉𝐷)  is fuzzy map. Where 𝜑̃, 𝜓̃: 𝜃𝐶 → 𝑉𝐷  are two fuzzy 

homotopy. 
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Theorem 2: 

   The sequence 

⋯ ← 𝐻𝑛−1(𝜃𝐶`
` )

𝜕̃∗
←𝐻𝑛(𝜃𝐶``

`` ) ← 𝐻𝑛(𝜃𝐶) ← 𝐻𝑛(𝜃𝐶`
` ) ← ⋯    (1) 

is the fuzzy homology exact sequence where the exact short sequence 

            0̃ → 𝜃𝐶`
`
𝑖̃
→ 𝜃𝐶

𝑃̃
→ 𝜃𝐶``

`` → 0̃                                         (2) 

is a fuzzy splitting sequence. 

Proof: 

   Since the sequence (2) is the fuzzy splitting, then the fuzzy homomorphisms,  

𝑗𝑛̃: 𝜃𝐶𝑛
𝑛 → 𝜃

𝐶𝑛
`
`𝑛 , 𝑞̃𝑛: 𝜃𝐶𝑛``

``𝑛 → 𝜃𝐶𝑛
𝑛         ∀𝑛 ∈ ℤ 

are existed and satisfy,  

𝑗𝑛̃ ∘ 𝑖̃𝑛 = 1𝜃
𝐶𝑛
`
`𝑛 , 𝑝𝑛 ∘ 𝑞̃𝑛 = 1𝜃

𝐶𝑛
``
``𝑛 , 𝑖̃𝑛 ∘ 𝑗𝑛̃ + 𝑞̃𝑛 ∘ 𝑝𝑛 = 1𝜃𝐶𝑛

𝑛  

Then, 

∀𝑛 ∈ ℤ; 𝑑̃𝑛 = 𝑗𝑛̃−1 ∘ 𝜕𝑛 ∘ 𝑞̃𝑛: 𝜃𝐶𝑛``
``𝑛 → 𝜃

𝐶𝑛−1
`
`𝑛−1 and 𝑑̃ = {𝑑̃𝑛}: 𝜃𝐶 ``

``𝑛 → 𝜃
𝐶 `
`  are the fuzzy homomorphisms of 

fuzzy modules and fuzzy chain complexes, respectively. 

Let, 𝑑 = {𝑑𝑛: 𝐶𝑛
`` → 𝐶𝑛−1

` }, then  

𝑖𝑛−2(𝜕𝑛−1
` 𝑑𝑛) = (𝑖𝑛−1𝜕𝑛−1

` )𝑗𝑛−1𝜕𝑛𝑞𝑛 = 𝜕𝑛−1(𝑖𝑛−1𝑗𝑛−1)𝜕𝑛𝑞𝑛 = 𝜕𝑛−1(1𝐶𝑛−1 − 𝑞𝑛−1𝑝𝑛−1)𝜕𝑛𝑞𝑛  

= 𝜕𝑛−1𝜕𝑛𝑞𝑛 − 𝜕𝑛−1𝑞𝑛−1𝑝𝑛−1𝜕𝑛 𝑞𝑛 = −𝜕𝑛−1𝑞𝑛−1𝑝𝑛−1𝜕𝑛𝑞𝑛  

= −𝜕𝑛−1𝑞𝑛−1(𝑝𝑛−1𝜕𝑛)𝑞𝑛 = −𝜕𝑛−1𝑞𝑛−1𝜕𝑛
``𝑝𝑛𝑞𝑛 = −𝜕𝑛−1𝑞𝑛−1𝜕𝑛

``1𝐶𝑛`` = −𝜕𝑛−1𝑞𝑛−1𝜕𝑛
``

= −(𝑖𝑛−2𝑗𝑛−2 + 𝑞𝑛−2𝑝𝑛−2)𝜕𝑛−1𝑞𝑛−1𝜕𝑛
``  

= −𝑖𝑛−2(𝑗𝑛−2𝜕𝑛−1𝑞𝑛−1)𝜕𝑛
`` − 𝑞𝑛−2(𝑝𝑛−2𝜕𝑛−1)𝑞𝑛−1𝜕𝑛

``

= −𝑖𝑛−2(𝑑𝑛−1𝜕𝑛
``) − 𝑞𝑛−2𝜕𝑛−1

`` (𝑝𝑛−1𝑞𝑛−1)𝜕𝑛
`` = −𝑖𝑛−2(𝑑𝑛−1𝜕𝑛

``) 

Then we get 𝜕𝑛
` 𝑑𝑛 = 𝑑𝑛−1𝜕𝑛

`` since 𝑖𝑛−2 is a monomorphism. And 

∀  [ℤ] ∈ 𝐻𝑛(𝐶``), 𝜕∗𝑛(ℤ) = [𝑖𝑛−1
−1 ∘ 𝜕𝑛 ∘ 𝑗𝑛

−1(ℤ)] = [𝑗𝑛−1 ∘ 𝜕𝑛 ∘ 𝑞𝑛(ℤ)]  = [𝑑𝑛(ℤ)] = 𝑑𝑛∗[ℤ] 

Then the map 𝜕∗𝑛: 𝐻𝑛(𝜃𝐶 ``
`` ) → 𝐻𝑛−1(𝜃𝐶 `

` ) is a fuzzy homomorphism. Then (2) is an exact 

 sequence. 

Proposition 2: 

The short exact sequence 

 0̃ → 𝜃𝐴`
𝛼̃
→ 𝑉𝐴 → 𝜂𝐴`` → 0̃ 

is split fuzzy sequence with 𝜇𝐵`, then the short exact sequence 
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0̃ → 𝜃𝐴`⊗𝜇𝐵
𝛼̃⊗1̃
→  𝑉𝐴 → 𝜇𝐵 → 𝜂𝐴``⊗𝜇𝐵 → 0̃ 

is split fuzzy sequence. 

Proof: 

   From the definition of the tensor product. Since 𝜃𝐶 = {𝜃𝐶𝑛
𝑛 , 𝜕𝑛}     𝑎𝑛𝑑 𝑓𝑜𝑟 𝜇𝐺 we have,  𝜃𝐶 ⊗𝜇𝐺 =

{𝜃𝐶𝑛
𝑛 ⊗𝜇𝐺 , 𝜕𝑛⊗ 1̃𝜇𝐺}. 

Definition 5: 

   Consider 𝜃𝐶  be a fuzzy chain complex, then the fuzzy homology is the homology with coefficients 𝜇𝐺 

and denoted by 𝐻𝑛(𝜃𝐶 , 𝜇𝐺). 

Theorem 3: 

   From the split fuzzy sequence of the short exact sequence with 𝜇𝐺 

0̃ → 𝜃𝐶`
` → 𝜃𝐶 → 𝜃𝐶``

`` → 0̃ 

We get the fuzzy homology exact sequence 

⋯ ← 𝐻𝑛−1(𝜃𝐶`
` ; 𝜇𝐺) ← 𝐻𝑛(𝜃𝐶``

`` ; 𝜇𝐺) ← 𝐻𝑛(𝜃𝐶; 𝜇𝐺) ← 𝐻𝑛(𝜃𝐶`
` ; 𝜇𝐺) ← ⋯ 

Theorem 4: 

   Let the free fuzzy chain complex 𝜃𝐶  and fuzzy module 𝜇𝐺, then the sequence  

0 → 𝐻𝑛(𝜃𝐶) ⊗ 𝜇𝐺
𝜑̃𝑛
→ 𝐻𝑛(𝜃𝐶 ⊗𝜇𝐺) → 𝐹 − 𝑇𝑜𝑟(𝐻𝑛−1(𝜃𝐶), 𝜇𝐺) → 0 

is split. 

Proof: 

   Consider two sub-complexes  𝜃𝑍(𝐶) = {𝑘𝑒𝑟𝜕𝑛 ⊂ 𝜃𝐶𝑛} and  

    𝜃𝐵(𝐶) = {𝑘𝑒𝑟𝜕𝑛 ⊂ 𝜃𝐶𝑛−1}  of 𝜃𝐶  are free fuzzy chain complexes with the fuzzy homomorphisms 

𝛼̃𝑛: 𝜃𝑍𝑛(𝐶) → 𝜃𝐶𝑛 ,     𝛽𝑛: 𝜃𝐶𝑛 → 𝜃𝐵𝑛−1(𝐶). The short exact sequence 

0̃ → 𝜃𝑍(𝐶)
𝛼̃
→ 𝜃𝐶

𝛽̃
→ 𝜃𝐵(𝐶) → 0̃ 

is exact. And we define the fuzzy homomorphism ℎ̃𝑛: 𝜃𝐵𝑛−1(𝐶) → 𝐶𝐶𝑛  such that; 𝜕𝑛 ∘ ℎ̌𝑛 = 1̃𝜃𝑛−1(𝐶) . 

Then the map ℎ𝑛⊗ 1̃𝜇𝐺: 𝜃𝐵𝑛−1(𝐶)⊗𝜇𝐺 → 𝜃𝐶𝑛⊗𝜇𝐺  define  

𝐹 − 𝑇𝑜𝑟(𝜃𝐶; 𝜇𝐺) → 𝐻𝑛(𝜃𝐶; 𝜇𝐺) 

That is the inverse fuzzy homomorphism of 

𝐻𝑛(𝜃𝐶 ; 𝜇𝐺) → 𝐹 − 𝑇𝑜𝑟(𝜃𝐶; 𝜇𝐺) 

Definition 6: 

https://journals.pen2print.org/index.php/ijr/
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   Let 𝜃𝐶 , 𝜃̅𝐶̅  𝑎𝑛𝑑 𝜏̃  are the notations for the fuzzy chain complex, free fuzzy complex and fuzzy 

homomorphism, respectively. Then 𝜏̃: 𝜃̅𝐶̅ → 𝜃𝐶  where, 𝜏̃∗: 𝐻(𝜃̅𝐶̅) → 𝐻(𝜃𝐶). 

Theorem 5:  

   Let 𝜃𝐶  be a fuzzy complex, 𝜃𝐴 𝑎𝑛𝑑 𝜃𝐵 are sub complexes of 𝜃𝐶  such that, 𝜃𝐶 = 𝜃𝐴 ∪ 𝜃𝐵. If we define 

the fuzzy homomorphisms  

𝑖̃∗: 𝐻∗(𝜃𝐴 ∩ 𝜃𝐵) → 𝐻∗(𝜃𝐴)⨁𝐻∗(𝜃𝐵)  and  𝑗∗̃: 𝐻∗(𝜃𝐴)⨁𝐻∗(𝜃𝐵) → 𝐻∗(𝜃𝐶)  as 𝑖̃∗(𝛾) = (𝑖1̃∗(𝛾),−𝑖̃2∗(𝛾)),

𝑗∗̃(𝛾1, 𝛾2) = 𝑗1̃∗(𝛾1) + 𝑗2̃∗(𝛾2) where  

𝑖1̃: 𝜃𝐴 ∩ 𝜃𝐵 → 𝜃𝐴, 𝑖̃2: 𝜃𝐴 ∩ 𝜃𝐵 → 𝜃𝐵 ,  𝑗1̃: 𝜃𝐴 → 𝜃𝐶 ,   𝑗2̃: 𝜃𝐵 → 𝜃𝐶  such that   𝑗∗̃𝑖̃∗ = 0. Then we note that 

𝑘𝑒𝑟𝑗∗̃ = 𝑖𝑚𝑖̃∗  and by define fuzzy homomorphisms 𝜕∗: 𝐻∗(𝜃𝐶) → 𝐻∗(𝜃𝐴 ∩ 𝜃𝐵)  and ℎ̃∗: 𝐻∗(𝜃𝐵, 𝜃𝐴 ∩

𝜃𝐵) → 𝐻∗(𝜃𝐶 , 𝜃𝐴). Then we get the fuzzy long exact sequence 

𝐻𝑛(𝜃𝐴 ∩ 𝜃𝐵)
𝑖̃2∗
→ 𝐻𝑛(𝜃𝐵)      

𝑘̃∗
→ 𝐻∗(𝜃𝐵, 𝜃𝐴 ∩ 𝜃𝐵)

𝜕̃
→ 𝐻𝑛−1(𝜃𝐴 ∩ 𝜃𝐵)

𝑖1̃∗ ↓            𝑗2̃∗ ↓                           ℎ̃∗ ↓                 𝑖1̃∗ ↓

          𝐻𝑛(𝜃𝐴)   
𝑗̃1∗
→      𝐻𝑛(𝜃𝐶)        

𝑙∗
→    𝐻𝑛(𝜃𝐶 , 𝜃𝐴)         

→        𝐻𝑛−1(𝜃𝐴)

 

Since  𝜕∗ ∘ (ℎ̃∗)
−1
∘ 𝑙∗: 𝐻𝑛(𝜃𝐶) → 𝐻𝑛−1(𝜃𝐴 ∩ 𝜃𝐵). 

Theorem6: 

   Consider 𝜃𝐶 , 𝑀  and  ℳ𝑟(𝑀) are a fuzzy module bimodule over 𝜃𝐶  and the matrices of  𝑟 × 𝑟 degree, 

respectively. Then, ∀ 𝑟 ≥ 1, we have 

𝑡𝑟∗: 𝐻∗(ℳ𝑟(𝜃𝐶),ℳ𝑟(𝑀)) → 𝐻∗(𝜃𝐶 , 𝑀) 

and 

𝑖𝑛𝑐∗: 𝐻∗(𝜃𝐶 , 𝑀) → 𝐻∗(ℳ𝑟(𝜃𝐶),ℳ𝑟(𝑀)) 

which are inverse to each other. 

Proof: 

   Now, we need to prove that (𝑖𝑛𝑐 ∘ 𝑡𝑟) 𝑎𝑛𝑑 (𝑖𝑑) are homotopic. Consider the presimplicial homotopy 

ℎ̃ where; 

ℎ̃:∑(−1)𝑖ℎ̃𝑖 ,   ℎ̃𝑖:ℳ𝑟(𝑀)⊗ℳ𝑟(𝜃𝐶)
⊗𝑛 →ℳ𝑟(𝑀)⊗ℳ𝑟(𝜃𝐶)

⊗𝑛+1 

Since 

ℎ̃𝑖(𝑎
0, … , 𝑎𝑛)  =∑𝐸𝑗1(𝑎𝑗𝑘

0 )⊗ 𝐸11(𝑎𝑘𝑚
1 )…⊗𝐸11(𝑎𝑝𝑞

𝑖 )  ⊗ 𝐸1𝑞(1)⊗ 𝑎𝑖+1⊗…⊗𝑎𝑛 

Such that, 𝑎0 ∈ ℳ𝑟(𝑀), 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒 𝑎
𝑠 ∈ ℳ𝑟(𝜃𝐶), and ℎ̃𝑖 satisfy that 

(1) 𝑑̃𝑖ℎ̃𝑖 = ℎ̃𝑖−1𝑑̃𝑖                    𝑖𝑓  𝑖 < 𝑗, 
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(2)  𝑑̃𝑖ℎ̃𝑖 = 𝑑̃𝑖ℎ̃𝑖−1        𝑖𝑓 0 < 𝑖 < 𝑛, 𝑖 = 𝑗, 𝑗 + 1, 

(3)  𝑑̃𝑖ℎ̃𝑗 = ℎ̃𝑗𝑑̃𝑖−1                   𝑖𝑓 𝑖 > 𝑗 + 1. 

Where ℎ̃ = ∑ (−1)𝑖ℎ̃𝑖
𝑛
𝑖=0  and for 𝑛 = 0, ℎ̃(𝑎) = 𝐸𝑗1(𝑎𝑗𝑘) ⊗ 𝐸1𝑘(1). If 𝑛 = 1, ℎ̃(𝑎, 𝑏) = 𝐸𝑗1(𝑎𝑗𝑘) ⊗

𝐸1𝑘(1)⊗ 𝑏 − 𝐸𝑗1(𝑎𝑗𝑘) ⊗ 𝐸11(𝑏𝑘𝑖)𝐸1𝑙(1). 

∴ ℎ̃𝑑̃ + 𝑑̃ℎ̃ = 𝑑̃0ℎ̃0 − 𝑑̃𝑛+1ℎ̃𝑛   s. h.   𝑖𝑑 = 𝑑̃0ℎ̃0, 𝑑̃𝑛+1ℎ̃𝑛 = 𝑖𝑛𝑐 ∘ 𝑡𝑟 

Then we get the required. 
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