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ABSTRACT

The Biot-Savart law is a well-known and
powerful theoretical tool used to calculate
magnetic fields due to currents in magneto
statics. We extend the range of applicability
and the formal structure of the Biot-Savart
law to electrostatics by deriving a Biot-
Savart-like law suitable for calculating
electric fields. We show that, under certain
circumstances, the traditional Dirichlet
problem can be mapped onto a much
simpler Biot-Savart-like problem. We find
an integral expression for the electric field
due to an arbitrarily shaped, planar region
kept at a fixed electric potential, in an
otherwise grounded plane. As a by-product
we present a very simple formula to
compute the field produced in the plane
defined by such a region. We illustrate the
usefulness of our approach by calculating
the electric field produced by planar
regions of a few non-trivial shapes
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INTRODUCTION

In physics, specifically electromagnetism,
the Biot—Savart law is an equation describing
the magnetic field generated by an electric
current. It relates the magnetic field to the
magnitude, direction, length, and proximity of
the electric current. The law is valid in
the magneto static approximation, and is
consistent ~ with  both Ampeére's  circuital
law and Gauss's law for magnetism."! It is

named after Jean-Baptiste Biot and Félix
Savart who discovered this relationship in 1820.

EQUATION

ELECTRIC (along

closed curve)
The Biot—Savart law is used for computing the
resultant magnetic field B at
position r generated by a steady current / (for
example due to a wire): a continual flow
of charges which is constant in time and the
charge neither accumulates nor depletes at any
point. The law is a physical example of a line
integral, being evaluated over the path Cin
which the electric currents flow. The equation
in SI units is

B(r) — po [ Idl X'
dm Jo o PP

where @l is a vector whose magnitude is the
length of the differential element of the wire in
the direction of conventional

CURRENT

current, ' =T — 1, the full displacement
vector from the wire element (l) to the point at
which the field is being computed ('), and b, is
the magnetic constant. Alternatively:

B(r) — ;LD/ Idl < #
dm Jo o Y]

~f r
where I is the unit vector of I' . The symbols in

boldface denote vector quantities.
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The integral is usually around a closed curve,
since electric currents can only flow around
closed paths. An infinitely long wire (as used in
the definition of the SI unit of electric current -

the Ampere) is a counter-example.

To apply the equation, the point in space where
the magnetic field is to be calculated is
arbitrarily chosen (I'). Holding that point fixed,
the line integral over the path of the electric
currents is calculated to find the total magnetic
field at that point. The application of this law

the superposition
principle for magnetic fields, i.e. the fact that

implicitly relies on

the magnetic field is a vector sum of the field
created by each infinitesimal section of the wire

individually.

There is also a 2D version of the Biot-Savart
equation, used when the sources are invariant in
one direction. In general, the current need not
flow only in a plane normal to the invariant
direction and it is given byJ . The resulting

formula is:

B(r):’u—ﬁ (Jdl}xr’:,u,_g
i fo ) 2 J, |r’\

ELECTRIC CURRENT (throughout
conductor volume)

The formulations given above work well when
the current can be approximated as running
through an infinitely-narrow wire. If the
conductor has some thickness, the proper
formulation of the Biot-Savart law (again

in SI units) is:

I S

(Jd) x ¥

Or, alternatively:

(JdV) x ¥

/A

Where @V is  the volume element and J is

the current density vector in that volume.

Again, there is also a 2D version of the Biot-
Savart equation, used when the sources are

invariant in one direction:

,ug// (JdS) x 1’ ,u@// (JdS) x ¥
SR S

Where . is the surface element.

The Biot—Savart law is fundamental to magneto
statics, playing a similar role to Coulomb's
law in electrostatics. When magneto statics does
not apply, the Biot—Savart law should be

replaced by Jefimenko's equations.

CONSTANT
CURRENT

In the special case of a steady constant current /,
the magnetic field Bis

Itg dl = 1t/
B(r)=27 | ==
(r) = 4 L ]2

UNIFORM

l.e. the current can be taken out of the
integral.
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CHARGE AT
VELOCITY

POINT
CONSTANT

In the case of a point charged particle ¢ moving
at a constant velocity v, Maxwell's
equations give the following expression for

the electric field and magnetic field:

g 4 1 — 0?2/ d
 dwep (1 — v2sin?0/c2)3/2 ||
1
B = =V x E
C

& f
Where I' is the unit vector pointing from the
current (non-retarded) position of the particle to
the point at which the field is being measured,

and 0 is the angle between ¥V and I‘f.

When v’ « ¢, the electric field and magnetic

field can be approximated as’

_q ¥
 dmey |2
Hog g
B = *
ir PP

These equations are called the "Biot—Savart law
for a point chargedue to its closely analogous
form to the "standard" Biot—Savart law given
previously. These equations were first derived
by Oliver Heaviside in 1888.

MAGNETIC RESPONSES
APPLICATION

The Biot—Savart law can be used in the

calculation of magnetic responses even at the
atomic or molecular level, e.g. chemical

shielding’s or magnetic susceptibilities,
provided that the current density can be
obtained from a quantum mechanical

calculation or theory

AERODYNAMICS
APPLICATION

The Biot-Savart law is also used
in aerodynamic theory to calculate the velocity
induced by vortex lines.

In the aerodynamic application, the roles of
vorticity and current are reversed in comparison

to the magnetic application.

In Maxwell's 1861 paper 'On Physical Lines of
Force magnetic field strength H was directly
pure vorticity (spin),
whereas Bwas a weighted vorticity that was

equated with

weighted for the density of the vortex sea.
Maxwell considered magnetic permeability p to
be a measure of the density of the vortex sea.

Hence the relationship,

1. Magnetic induction current

B =uH

Was essentially a rotational analogy to the linear
electric current relationship?

2. Electric convection current

J=pv

Where p is electric charge density. B was seen
as a kind of magnetic current of vortices aligned
in their axial planes, with Hbeing the
circumferential velocity of the vortices.

The electric current equation can be viewed as a
convective current of electric charge that
involves linear motion. By analogy, the
magnetic equation is an inductive current
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involving spin. There is no linear motion in the
inductive current along the direction of
the B vector. The magnetic inductive current
represents lines of force. In particular, it
represents lines of inverse square law force.

In aerodynamics the induced air currents are
forming solenoidal rings around a vortex axis
that is playing the role that electric current plays
in magnetism. This puts the air currents of
aerodynamics into the equivalent role of the
vector B in

magnetic induction

electromagnetism.

In electromagnetism the B lines form solenoidal
rings around the source electric current, whereas
in aerodynamics, the air currents form

solenoidal rings around the source vortex axis.

Hence in electromagnetism, the vortex plays the
role of 'effect' whereas in aerodynamics, the
vortex plays the role of 'cause'. Yet when we
look at the B lines in isolation, we see exactly
the aerodynamic scenario in so much as
that Bis the vortex axis and His the

circumferential velocity as in Maxwell's 1861
paper.
In two dimensions, for a vortex line of infinite
length, the induced velocity at a point is given
by

I

V= —

2mr
Where I is the strength of the vortex and r is the
perpendicular distance between the point and

the vortex line.

This is a limiting case of the formula for vortex

segments of finite length:

v = 4;‘ [cos A — cos B]

Where 4 and B are the (signed) angles between

the line and the two ends of the segment.

Vortes filamen 'S
of strength 17 =

FIGURE: the figure shows the velocity induced
at a point P by an element of vortex filament

THE BIOT-SAVART LAW,
AMPERE’S  CIRCUITAL
LAW., AND GAUSS LAW
FOR MAGNETISM

In amagneto static situation, the magnetic
field B as calculated from the Biot—Savart law

will  always  satisfy Gauss's law  for

magnetism and Ampere's law:
Starting with the Biot—Savart law:

—1
0 =40 [[] a0 o

Substituting the relation

r—1 1
. _ @ _v -
r—1° (Ir—ll)

And using the product rule for curls, as well
as the fact that J does not depend onr", this
equation can be rewritten as’

B(r}zi—;‘? x//ﬁdﬂ%
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Since the divergence of a curl is always zero,
this establishes Gauss's law for magnetism.

Next, taking the curl of both sides, using the
formula for the curl of a curl, and again using
the fact thatJ does not depend onl', we
eventually get the result:

v /ﬁv“ﬂ”(l)'v(r%u)'M/VM“WQ(%H)

Finally, plugging in the relations’

v () = v ()

V? (|ril|) = —dns(r —1)

(Where 9 is the Dirac delta function), using the
fact that the divergence of J is zero (due to the

assumption of magneto statics), and performing
an integration, the result turns out to be

V x B = ppd

Le. Ampére's law. (Due to the assumption

of magneto statics, aE/ ot = U, so there is
no extra displacement current term in Ampere's

law.)
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