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Abstract:

The purpose of this paper is to introduce the
concept of a class of generalized closed set
in an ideal topological space and to show
some of its basic properties. In this paper we
proved some equivalent conditions.
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1. Introduction

At present many researchers are
investigating different types of generalized
closed sets and their various properties in
general topology which leads use of general
topology and bitopology in different
branches of science. Fuzzy version of
different types of generalized closed sets are
being investigated in fuzzy topology.

M.S. El-Naschie [7,8] showed importance
and uses of general topology and
generalized closed sets in quantum physics,
high energy physics and superstring theory
of physics.

N. Levine [2] introduced the concept of
generalized closed set (briefly g-closed set).
An ideal I in a topological space (X, 7) is a
non-empty collection of subsets of X
satisfying the following two properties:

(1) Ael and B c A implies B € I.
(2)A€l andB €l impliesAUB € 1.

A topological space (X,7) with an ideal I is
called ideal topological space and it is
denoted by (X, 7,I). Kuratowski [3] defined

local function of A with respect to ! and
7 (briefly A*) as for a subset A € X, A*(I) =
{xeX|UnAg Ifor every neighbourhood
U of x}.

Kasahara [5] defined y operation on the
topology 7 on a given topological space
(X,t) is a function y:t —» P(X) such that
V c VY for each V €. Tong [13] defined
the y-operation as expansion. The following
operators are examples of the operation y
viz. the closure operator y, defined by y
(U) =CL(U), the identity operator y;; defined
by y (U) = U and the interior-closure
operator y;. defined by y (U)=Int(CL (U)) .

Definition 1.1. (Levine [2] ) A subset 4 of
a topological  space (X,r) is called
generalized closed set ( briefly g-closed ) if
cl(A) € U whenever A € U and U is open.

Definition 1.2. (Dontchev et.al. [1]) (1,y)-
generalised closed [briefly (I,y)- g-closed] if
A*c UY whenever A € U and € 7.

I- g-closed if A*c U whenever A € U and
€T

Dontchev et.al. [1] discussed one lemma.
The lemma is -

Lemma 1.1. (Dontchev etal. [1],
lemma2.6) If Aand B are the subsets of
(X,7,I) then (AN B)* € A*n B*.

2. (v, 6)-g-closed set

Definition 2.1. A subset A of an ideal
topological space (X, 1,1) is said to be (y, §)-
g-closed set (briefly (y,)-gc) if UY € A*c
USwhenever AC U and U € 7. A is said to
be an (y,6)-go if (X\A)is an (y,5)-gc. We
call (X,7,1,y,8) as dual operation ideal
topological space (DOITS) .
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Let (X,7,1;,y,6) and (Y,9,1,,{,n) be two
DOITS. Then (A X B)S X xY is said to be
(V5. $p)-ge if UY x V4 S (AxB)*c U® x V7
whenever (AXB)SUXV ; UXVeEux
p; where u X p is product topology of X X Y.

We define ideal in product topological space
as if I, and I, are ideals of ideal topological
spaces (X,7,1I;) and (Y,9,1,) respectively
then I; X I, = {AX B| A€ I,B € I} is ideal
of product topological space (A X B,y X p) ;
where p X p is the product topology.

Hence we define (4 X B)*={(x,y)|(U x
V)ﬂ(A XB) .¢_MXN, MEIl, NEIz,
xeUyeV;UerV e}

The set of all (y, §)-gc of DOITS (X,7,1,y,6)
is denoted by gc(X).

Example 2.1. Let A be a subset of a DOITS
X,t,I,y,6) where X =1{a,b,c}, T=
0.X{a}, (b}.{a,b}} ,I={0,{c}}; let us
define y, 8§ operator such that UY=U and U°%=
CLU)

Consider A= {a,b}, and U = {a, b}, then
clearly A € U and U € 7.Then we have UY=
y(U) = {a,b} and U®=CI(U)= X.Using the
definition of A*(I), A*= {a, b, c}.

Next we consider = {a,b,c} , then clearly
Ac U and Ue€ t. Then we have U’=
y(U)=X and U%= Cl(U)= X.So, U¥C
A*c U% whenever A S U and U € 7. Thus
A= {ab}isa (v, 6u)-gc

Theorem 2.1. Let (X,1,1,7,6) be DOITS. If
Aand B are (y,8)-gc then (AUB) is also

(v, 6)-gc.

Proof. Let (AUB)c U and U €. Then
AcUand B<U. As Aand B are (y,d)-gc,
so U¥ € A*c U% and U € B*c U®. Now
we know that (AU B)*=A*uB*. Hence

UY € (AU B)*c U9, Hence result.

Theorem 2.2. Subset of a (y, §)-gc need not
to be a (y, §)-gc.

For the above theorem; we have the
following example.

Example 2.2. Let (X,7,1,¥,6) be a DOITS
where X={ab,c}, t={0X,
{a},{b},{a,b}}, 1={0,{c}}. Let us define
y,8 operator such that UY= U and U°=
Cl (U). Let A={a,b,c},B = {a,b},C=1{a}
then A and B are (y;4,6.)-gc. But C is not
(Via» 6c1)-gc-

Theorem 2.3. Superset of a (y,d)-gc is
always a (y, §)-gc.

Proof. Let (X,7,1,y,6) be DOITS and A c B
where AC X and B< X; A is (y,6)-gc. If
possible consider that B < U,U € t but B is
not (y,6)-gc. Then clearly UY € A*c B*
but B*¢ U?%; which contradicts the fact A is
(y,6)-gc. Hence B is (y, §)-gc.

Remark 2.1. @ is not a (y,8)-gc but X not
necessarily (y, §)-gc.

Proof. Let < U, U€e 1. As @*=¢@. If
possible consider that @ is a (y,§)-gc. Then

UYc ¢gc US. IfU # @ From definition of
y- operator; @< U< UY < @. Hence U
=@ ; a contradiction and so @ is not a

(v, 6)-gc.

It can be easily verified that if X =
{a,b,c}, T ={0,X,{a},{b},{a,b}}, I =
{@,{c}}, let us define y,§ operator such that
UY=U and U%= CI(U) then X is (y,4, 64)-gc.

But if X = {ab)t =(0X{a)}),]=
{@,{a}}, let us define y,§ operator such that
UY= U and U%= CI(U) then X is not (y;4,8,)-
gc.

From Theorem 2.2, it is clear that
intersection of any two (y,8)-gc of DOITS
(X,7,1,y,6) need not be an (y, §)-gc.

Theorem 2.4. Let (X,7,1;,y,6) and
(Y,9,1,,¢,n) be two DOITS. If 4 is (y,6)-gc
and B is ({,n)-gc then (A X B)S X X Y is said

to be (v, ¢,)-gc.

Proof. It is easy to check that (A X B)*=
A*x B*. Hence easy to prove.

Definition 2.2. Let (X,7,I) be an ideal
topological space and A € X. Then 4 is said
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to be IS-g-closed if A*c UNnS
wheneverAc Uand U € Tand S C X.

Definition 2.3. Let (X,7,1,y,6) be a DOITS
and A € X then A4 is said to be I-(y, §)-gc if -

(1) Ais (v,6)-gc.
(2) A is I-g-closed set.
(3) UT=U?% whenevery # §

Example 2.3. Let (X,7,1,y,6) be a DOITS
where X ={a,b,c} ,t ={0,X,{a}, {b} {a b}},
I ={0,{c}},A={a,b,c} then U= X , we
define y,8 such that UY= Int (Cl(U)) and
U%=U then A is an I —(y;.,8:4)- gc.

Theorem 2.5. Let (X,7,1,y,6) be a DOITS
and A,F € X. If A is I-(y, §)-gc and F is both
closed and t*-closed then (ANF) is I-g-
closed set but not necessarily I-(y, §)-gc.

Proof. Let (AnF)cUUe€t. Then A
CUU(X\F). As Ais I-g-closed set. A*C
U U (X\F). which implies A*nF € U.

Now (AnF)*c A*nF cU. Thus (ANF)
is I-g-closed .

Theorem 2.6. Let (X,7,1,y,8) be a DOITS
and A, FSX. If A is IS-gc and F is both
closed and t*-closed. If (U n S) is clopen for
allU e tand S € X, then (AN F)is IS-gc.

Theorem 2.7. Let Abe a subset of (X,t,1)
and y4, yo and 67,05 are operations and
Y1 Ayo # 81 A S then

(1) If A is both (y4,8¢)- gc and (y,, 85)- gc
then Ais(y;Ays 81A8,)-gc.

(2) with respect to (1); if y4, y» and §4,6>
are mutually dual then A is I-(y; Ayo 81 A
8o)-gc. where y;Ay, and &; A8, are
defined by UY"W2= U¥ n U and U%"92=
U n U foreachU € 7.

Proof. (1) is easy to prove and so omitted.

(2) Since y4, v» and §4,8, are mutually dual;
hence UY"™"2 =y and U%"M2=y. As it
satisfies all three conditions of definition
2.3, hence Ais I-(y1 Ayo, 61 A82)- gc.

Definition 2.4. Let (X,7,1,y,6) be a DOITS
and A< X. we define (y,6)-cl(4)=n
{M|AcS M,M € gc(X)} and (y, §)-int(A) =V
{RIRS A RegoX)}. A is called (y,9)-
closed if (y, §)-cl(A) = A.

Let (X,7,1,y,6) and (Y,9,1,,{,n) be two
DOITS. LetAcX,BCY. then (ys,,)-
cl(AxB)=n{CxXD|AXxB<c(CxD,CE€
gc(X),D € gc(Y)} and (ys,dy)-int(A X B) =
U{CXD|CXDCSAXB,CegoX),De
go(Y)}. Now we call A x B as product-(y, §)-
closed if (ys,§;)-cl(AX B) = A x B.

Lemma 2.1. Let (X,7,1,¥,6) be a DOITS
and A € X. then —

(1) (v, 8)-cl(X\A) = X\(y, 8)-int(4).
(2) (v, 8)-int(X\A) = X\(v, 6)-cl(4).

Lemma 2.2. Let (X,7,1,¥,6) be a DOITS
and A, B € X, then-

(1) A E(y, 6)-cl(4)
(2) A S B = (y,8)-cl(A) E(y,8)-cl(B)

(3) (v,8)-cl(AuB) = (y,6)-cl(4)
cl(B) .

(4) (v,8)-cl(AnB) € (v,6)-cl(A) N(y,6)-
cl(B)

U(y, 8)-

Lemma 2.3. Let (X,7,1,¥,6) be a DOITS
and A4, B € X, then-

(1) (y,6)-int(A) c A
(2) A< B = (y,6)-int(4) E(y,d)-int(B)

(3) (y,6)-int(AU B) 2 (y,6)-int(4) U(y,d)-
int(B) .

(4) (v, 8)-int(ANn B) = (y,6)-int(4) N(y,d)-
int(B)

Theorem 2.8. Let (X,7,1,y,6) be a DOITS
and AcX. If A is (y,8)-gc then (y,6)-
cl(A)\ A contains no non-empty (y, §)-go.

Proof. Let F # @ and F is (y, §)-go such that
F S(y,6)-cl(A)\A. Then F <(X\A). Then
clearly F c(y,8)-cl(A) n (X\ (v,96) —
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cl(A))= 0. Hence F = @, a contradiction and
hence proved.

Lemma 2.4. Let (X,7,1,y,6) be a DOITS
and A € X. Then following result holds —

(1) A € Ker(4)
(2) A< B = Ker(4A) < Ker(B).

(3) xeKer(A) if and only if ANM =0
where x € M, M € gc(X).

Proof. (3) Let € Ker(A) . If possible let us
consider that ANM = @ where x € M,M €
gc(X). Then A< (X\M) = ker(A) €
ker(X\M) = X\M. Thus X &M, a
contradiction and hence AN M =+ @.

Conversely, Let x ¢ Ker(A) and AnNM # @

where xeM,M e gc(X). Then 3IUE
go(X),x¢UAcU. Thus AnX\U)#0
implies A% U, a contradiction. Thus
x € Ker(A).

4. Conclusion

In this paper we investigate a special kind of
generalized closed set in general topology;
whose fuzzy version may be useful in
various aspects.
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