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Abstract

The notion of complex-valued metric spaces was introduced by Azam et al. [4]. He introduced the new
concept and established a common fixed point result in the context of complex-valued metric spaces. In
this paper, we generalized the concept of chatterjea [14] contraction mapping for multi-valued mappings

on the complex-valued metric spaces.
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Introduction 1.1.

It is well known fact that the mathematical results regarding fixed points of contraction-type mappings
are very useful for determining the existence and unigqueness of solutions to various mathematical
models. The theory of fixed points has been developed, regarding the results to finding the fixed points
self and nonself over the last 50 years.

Many authors have proved fixed point results in the different kind of generalization in complex-valued
metric spaces. Nadler [9] and Markin [8] was initiated the study of fixed points for multi-valued
contraction mappings. Azam et al. [4] introduced the concept of complex-valued metric space and
obtained sufficient conditions for the existence of common fixed points. Very recently, Ahmad et al. [2]
obtained some new fixed point results for multi-valued mappings in the setting of complex-valued metric
spaces. Some fixed point results by generalizing the contractive conditions in the context of complex-
valued metric spaces was established by Sitthikul and Saejung [13] and Klin-eam and Suanoom [7]. The
results presented in this paper substantially extend the results given by chatterjea et.al [14] for the multi-
valued mappings.

Preliminaries 1.2.

Let C be the set of complex numbers and z; ,z; €1 . Define a partial order < on [ as follows:
213 z; ifand only if Re(z;) < Re(zy), Im(z1) < Im(zy).
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It follows that z; < z,
if one of the following conditions is satisfied:

()  Re(z1) =Re(z2), Im(z1) <Im(2zy),
(i)  Re(z1) <Re(z2), Im(z1) = Im(zy),
(i) Re(z1) <Re(z2), Im(z1) <Im(2zy),
(iv)  Re(z1) =Re(z,), Im(z1) = Im(2,),

In particular, we will write z15 z,if z3#2z, and one of (i),(ii) and (iii) is satisfied and we will write z; <
z, if only (iii) is satisfied. Note that

03z15 2 =>|21 |<|zz |
2132, o< 23 = 1< 3.
Definition 1.3. Let X be a nonempty set. Suppose that the mapping d : X x X — [I satisfies:

1. 0=d(xy) forall x,y € X and d(x,y) =0 ifand only if x = y;
2. d(x,y) =d(y,x) for all x,y € X
3. d(x,y) S d(y,x) +d(z,y) forall x,y,z € X.

Then d is called a complex-valued metric on X, and (X,d) is called a complex-valued metric space.
A point x € X is called an interior point of a set A € X whenever there exists 0 < r € [J such that

B(x,)={ye X:d(xy) <r}cA.

A point x € X is called a limit point of A whenever, for every 0 <r € [J B(x,r) N

(A\{X}) # ¢

A is called open whenever each element of A is an interior point of A. Moreover, a subset B < X is called
closed whenever each limit point of B belongs to B.

Let {x, }be a sequence in X and x € X. If for every c € U with 0 < c there is ngeN such that for

all n > ng, d (Xn,X) < c, then {x,} is said to be convergent, {x,} converges to x and x is the limit point
of {xn}. We denote this by lim x, = X, or X,— X as n—co.

N—o0

If for every ce ] with 0<c there is np€N such that for all n > ng, d(Xn,Xn+m) < C, Where m € N,
then {xn} is called a Cauchy sequence in (X,d). If every Cauchy sequence is convergent in (X,d),
then (X,d) is called a complete complex-valued metric space. We require the following lemmas.

Lemma 1.4. [4] Let (X,d) be a complex-valued metric space and let {x,} be a sequence
in X. Then {x,} converges to x if and only if |d (X,,x)|—0 as n—oo.
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Lemma 1.5. [4] Let (X,d) be a complex-valued metric space and let {x,} be a sequence
in X. Then {x,} is a Cauchy sequence if and only if |d(Xn,Xn+m)|—0 as n—oo, where m € N.

Definition 1.6 [4]

Let (X,d) be a complex-valued metric space.

We denote the family of nonempty, closed and bounded subsets of a complex valued metric space
by CB(X).

From now on, we denote s(z;) ={z, €0 :z3<z}forz; €], and

s(a,B) = U s(d(@,b)) = u{ze U :d(ab) < z} forae X and B € CB(X).

For A,B € CB(X), we denote

s(A,B) = (afe]As(a,B)) N ge]B s(b,A)).

Definition 1.7. [2] Let (X,d) be a complex-valued metric space. Let T : X—CB(X) be a multi-valued
map. For x € X and A € CB(X), define Wy (A) ={d (x,a) :
a€A}L Thus, for x,y € X,

Wi (Ty)={d(x,u) : u € Ty}.

Definition 1.8. [2] Let (X,d) be a complex-valued metric space. A subset A of X is called bounded from
below if there exists some z € X such thatz < aforall a € A.

Definition 1.9. [2] Let (X,d) be a complex - valued metric space. A multi - valued mapping F:X—
2€ is called bounded from below if for each x € X there exists z, € [ such that zx<uforallue
Fx.

Definition 1.10. [2] Let (X,d) be a complex-valued metric space. The multi - valued mapping
T:X—CB(X) is said to have the lower bound property (I.b property) on (X,d) if for any xeX, the multi-
valued mapping Fy : X—2° defined by Fx(y) = Wi(Ty)

is bounded from below. That is, for X,y € X, there exists an element I (Ty) € U such that

Ix(Ty) Zu
for all u € Wy(Ty), where I, (Ty) is called a lower bound of T associated with (X,y).
Definition 1.11. [2] Let (X,d) be a complex-valued metric space. The multi-valued mapping

T:X—CB(X) is said to have the greatest lower bound property (g.l.b property) on (X,d) if a greatest
lower bound of Wy(Ty) exists in [ for all x,y € X. We denote d(x,Ty)by the g.l.b of W,(Ty). That is,
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d(x,Ty) = inf{d(x,u) : u € Ty}.
Main Result

Theorem 1.12. Let (X, d) be a complete complex-valued metric space and let S, T: X — CB (X) be
multi-valued mappings with g.1.b property such that

(1.1) ; d(x,5x)d (x,Ty)+d (y,Sx)d (y,Sx) B d(x,y)d(y,Ty)+d(x Sx)d(y,Sx)
d(x,Ty)+d(y,Sx) d(y,Ty)

ﬂ/{d (x,5x)d (y,Ty)+d (Sx,y)d (Ty, Sx)} +5{d (x,y)d (x,Ty)+d(Sx, y)}
d(Sx,Ty)+d(y,Sx) d(x,Ty)+d(Sx,y)

s d(x,y)d(Sx,Ty)+d(y,Sx)
/1{ T(y.Ty)+d (v, 5¢) } € s (SxTy)

For all x,yeX and O<a+pB+y+J+A4 <1.Then S and T have a common fixed point.

Proof : Let x, € X and x, € Sx,and Tx, from (1.1), we get

a{d (%:5%)d (%, Tx ) +d (%, 5% )d (Xvsxo)} +ﬁ{d (%:%)d (%,T%) +d (%, % )d (&,Sxo)}
d (X, Tx,)+d (X, S%,) d(x,Tx)

+7/{d (%o, SXo ) d (X, Tx, ) +d (Sx,,%,)d (Txl,Sxo)} +5{d (X9, %, )d (X, Tx,)+d (Sxo,xl)}
d (Sxy, Tx,)+d (%, 5%,) d (X, T )+d(Sxy, %)

M{d(xo,xl)d(SxO,Tx1)+d(x1,Sx0)} €5(SX, Tx,) €[] s(xTx)
d (%, Tx)+d(%,SX) xeS%
That is

a{d (X, % ) d (%o, TX,)+d (X, 5%, )d (xl,Sxo)} +'B{d(xo,xl)d (%, Tx,)+d (%, 5%, )d (xl,Sxo)}
d (%, T ) +d (%, %) d(%,Tx)

+7{d (X5, S%,)d (¥, Tx, ) +d (Sxo, %, )d (Txl,Sxo)} +5{d (%0, %)d (%, Tx, ) +d (S,, xl)}
d(S%:T% ) +d (%, 5%)) d (%, Tx)+d(S%,%,)

. d (X5, % ) d (SXy, Tx, ) +d (X, Sx,)
l{ d (%, T ) +d (%, S%,) }
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es(x,Tx,) forall xeSx,

Since X, € Sx,, so we have

a{d (X, S% ) d (%o, Tx,)+d (X, 5%, )d (&,Sxo)}ﬂ{d(X07&)d (%, Tx, ) +d (X, Sx,)d (xl,Sxo)}

d (%, Tx, ) +d (%, %) d(%,T%)

+7{d (X% ) d (%, Tx ) +d (SXy, %, )d (Txl,Sxo)}+5{d (%, %) d (X, Tx, ) +d (SX,, xl)}

d (%, Tx.)+d (X, 5%,) d (%, Tx)+d (5%, %)

d (%o, %) d (S%5, Tx,) +d (%, 5%, )
M{ 4 (3, T%)+d (%, 5%) }ES(XJXJ,
={J s(d(x.x))
XeTx

So there exists some X, € TX, such that

a{d(xO,SXO)d (%o, Tx)+d (%, Sx%,)d (xi,Sxo)}Jrﬂ{d (%o, %)d (%, Tx,)+d (xo,Sxo)d(xi,Sxo)}

d (%, Tx, ) +d (%, 5%) d (%, Tx)

v

{ (%, 5% )d (%, Tx1)+d(Sx0,xl)d(Txl,Sx0)} +5{d(xo(;x1)d(xO,Tx1)+d(Sx0,x1)}

(
d (S%,,Tx,) +d (%, Sx;) (% %) +d (Sxg, %, )
(

+ (%:%)d (8%, Tx ) +d (%, %) | _
;L{ (Xi’TX1)+d(X1,SXO) } S(d(xlixz))

That is,

d (X5, 5%y ) d (X, TX, ) +d (X, SX, ) d (%, SXy) d (X, % ) d (%, T ) +d (X5, SX, ) d (%, SX,)
d(%,,) 5a{ d (X, Tx)+d (%,5%,) }Jrﬂ{ d(x,Tx) }

+7{d (%5, S% ) d (¥, Tx,)+d (Sxy, %, )d (Txl,Sxo)} +5{d (%, %) d (%, Tx, ) +d (S,, xl)}
d(S%, T, ) +d (%, S%) d (%, %) +d (5%, %)

.\ d (X, % )d (Sxy, Tx,)+d (%, 5%,)
l{ d (%, Tx)+d (%, %) }
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By using the greatest lower property (g.l.b. property) of S and T , we get.

d( Xy, % )d( Xy, X, )+ (%, % )d (X, X X, X, ) +d (Xg, %, )d (%, X
d(xl,xz)ia{( x)d (¥ %) (in) (Xixl)}w{d( x)d (%) +d (%, % )d )}

d(x,%,)

ﬂ/{d(xo,xi)d (%, %, )+d (%, )d (xz,xl)} +5{d(xod?3d£x;+xg)(;dx(l>)(lxl)}

which implies that

d (%) = ad (X, %)+ Ad (X, % )+ 7d (%0, % ) +6d (%5, %)+ 4d (X, %)
d(%,%) = (a+B+y+5+2)d(%.%)

Similarly

d(X,%) = (@+B+7+5+4) d(%,x)
d (%, %)= (a+B+y+5+4) d(%,%)

Inductively, we can construct a sequence {Xn} in Xsuchthatforn=1,2........... ,

d (X, X1 )| <

n?! n+l

(a@+B+y+5+2)"|d (X, x)| with (a+B+y+5+2) <L, Xy, €%, and X,,, €TXy; .

Now for m>n, we get

o5 ) <o | LS E PO I

m-1' "*'m

+|d n+1? n+2)

n? n+l

where a=a+f+y+0+4

‘d(xn,xm)‘ { 2ina}‘d(xo,xl)‘, since 0< a<1.
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And so |d(xn,xm)| —0asm,n—o.

This implies that {Xn} is a Cauchy Sequence in X. Since X is complete , so there exists ve X such that

X, =V as n—oo. We now show that ‘veTv and v e Sv. From (1.1),we have

a{d (Xons X ) A (%o, TV) +d (v, Sy, )d (v, SXZH)}
d (X, Tv)+d(v,Sx,,)

d (X, v)d (v, TV)+d (X, 5%, ) d (v, SX,, )
+'B{ d(v,Tv) }

ﬂ/{d (Xgms S ) A (V, TV) +d Sy, v)d (TV,SXZn)} +5{d (Xgps V) d (X, TV) +d (SXZn,V)}

d (SXy, TV)+d(v,5%,,) d (X, TV)+d(SX,, V)

+X{ol(xzn,v)d(SXZH,Tv)m(V,SXZ,,)} s

SX, T
d(vTv)+d (v, 5%,) orr V)

2n?

e N s(x,Tv)

X€SXy,

and so

a{d (Xons Xy ) A (X5, TV) +d (v, SX,, )d (V,SXZn)}
d (X, TV)+d (v, SX,, )

d (X, v)d (v, TV)+d (X, 5%, )d (v, SX,, )
+'B{ d(v,Tv) }

+7{d (Xoms S5 )0 (V, TV) +d Sy, v)d (TV,SXZH)} +5{d (X0, v)d (X0, TV) +d (SXZn,V)}

d (SX,,, Tv)+d(v,5%,,) d (X, TV)+d (SXy, V)

+k{d (X0, v)d (SXy, TV)+d (v, 5%,,)

S
4 (v, Tv)+d (v, 5%, } es(x,Tv) forall xeSx,

Since X,,., € SX,,, S0 we have
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a{d (Xon» SXop ) d (X, TV)+d (v, SX,, )d (V,SXZn)}
d (X, TV)+d (v, S%,,)

d (X, v)d (v, TV)+d (X, 5%, ) d (v, SX,,)
+'B{ d(v,Tv) }

d (X, %, )d (v, TV)+d (SX,,, v)d (Tv, SX,, ) d(X,,,v)d (X, Tv)+d(Sx,,,Vv
i { d(Sx,, Tv)+d (v,5%,) }*5 { ( d(>22n,§rv)+d28x2n(,v) )}

d (X, v)d (SX,,, TV)+d (v, Sx,,)
”{ d(v.Tv)+d(v,5%,) }ES(XM'TV)

€5(Xp,y, V)= U S(d (Xpn.aoU ))

u'eTv

so there exists some v, € Tv such that

a{d(XZn,SXZn)d(XZn,TV)+d(V Sx2n)d(v,SXZH)}Jr'B{d(xZn,v)d(v,Tv)+d(xZn,Sx,_,n)d(v,Sxm)}
d (X, TV)+d(Vv,SX,,) d(v,Tv)

d (Xp0: X5 )d (v, TV) +d (SX,,,v)d (TV,SX,, ) d(X,,,v)d(X,,, Tv)+d(SX,,,V
r { d (S, TV) +d (v, 5%, ) }*5{ ( d(x)zn,(w)+d)(3xzn(,v) )}

d (X, v)d (X, TV)+d (v, 5%y, )
+k{ d(v,Tv)+d(v,Sx,) } e5(d (Xni¥n)).

That is,

d(inJrlaV )j o d(XZH'SXZH)d(XZn'TV)+d(Vvsxgn)d(V,SXZn)
d (X, TV)+0 (V,Sx,,)

d (X, v)d (v, TV)+d (X, S, )d (v, SX,,)
+ﬂ{ d(v,Tv) }

. d (Xp0:SX, ) d (v, TV)+d (SX,,,v)d (Tv,SX,, )
4 d (X, Tv)+d (v,5%,,)
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+5{d (Xop, V) d (X, TV)+d (SXZn,V)} +x{ol (Ko, V) A (SX,, TV) 40 (v, Sx2n)}

d (X, TV)+d (SXy, V) d(v,Tv)+d(v,Sx,,)

By using the greatest lower bound property (g.l.b property) of S and T, we get

d(X2n+1,V )< o d(X2n1X2n+1)d(X2n,V )+d(V, X2n+1)d(V, X2n+1)
d(XZ”’V )+d(V’X2n+l)

+ﬁ{d(xzmv)d( 1)+ (%, 2n+1)d(V’X2n+1)}

d(v,v,)

LIS T L

d (X2n+l’vn)+ d (V’ X2”+l)

+5{d(x2n,v)d(x2n,v ) +d (X, )} +X{d(><2n,v)o|(x2n+l,vn)+o|(v,x2n+l)}

d (X, vy )+ 0 (Xppiar V) d(v,v,)+d (V. Xpn,1)

By using again the triangular inequality, we get

d( ) = d( 2n+l)+d( 2n+1’Vn)'

Then we have

d(v,v,)=< d(V,%,,,)+a

{d(xzwxznﬂ)d(xzn,v ) +d (V%) d (v, xm)}

d (X, V, )+ (V, X))

d szv )+d(X2n,X2n+1)d(V X2n+1)
i { a(vv,)

2n+1’ )+d (V X2n+1)

+7{d 2n? 2n+1 )+d( 2n+1° )d(vn’X2n+l)}

+5{d szv szv )+d( 2n+1 )} +K{d(xzn’v)d(X2n+1’Vn)+d(V’X2n+1)}

d (X, vy ) +d (Xopias V) d(v,v,)+d (v, X.)
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and we obtain

d (in’ X2n+1)d (X2n’v )+d (V’ X2n+1)d (V’ X2n+l)
d (X, V, )+ (V, Xp1) ‘

d (X, V) A (Vo vy )+ d (Xons Xon1 ) A (Vi Xp1)
d(v,v,)

ld(v.v,) +oL

<|d (V, Xppus)

+p

d(X2n1X2n+1)d( )+d( 2n+1> )d(van2n+1)
d(X2n+1’Vn)+d(V’X2n+l) ‘

d(XZn'V)d(XZn’V )+d( o1 Y )| +}L|d(in:\’)d(in+1’Vn)+d(V1X2n+1)
d (Xp: vy )+ d (Xop.0, V) ‘ ‘ d(v,v,)+d (v, %) ‘

0 as n — o. By Lemma (1.4), we have v

7

+0

By letting n — <o in the above inequality , we get ‘d (Vv )| -

n—V asn—oo. Since Tv isclosed, so veTv. Similarly, it follows that ve Sv. Thus S and T have a
common fixed point.

Corollary 1.13 Let (X,d) be a complete complex —valued metric space and let T:X — CB(X) be a
multi-valued mapping with g.l.b property such that

a{d (x,Tx)d (x,Ty)+d(y,Tx)d (y,Tx)} +,8{d (x,y)d(yTy)+d (x,Tx)d(y,Tx)}
d(x,Ty)+d(y,Tx) d(y.Ty)

ﬂ/{d (x,Tx)d (y, Ty)+d(Tx,y)+d (Ty,Tx)} +5{d (xy)d(x,Ty)+d(Tx, y)}
d(Tx,Ty)+d(y,Tx) d(x,Ty)+d(Tx,y)

. d(x,y)d(Tx,Ty)+d(y,Tx) s(Tx
i ) 5T

Forall x,ye X and 0<a+fB+y+5+A<1, ThenT has a fixed point

Proof. We can prove it by setting S = T in the aboveTheorem.
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