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ABSTRACT

In this paper , Generalized differential transform
method (GDTM) is applied to solve linear
integro-differential volterra —fredholm equation
of fractional order .Which has an exact solution
when the order of the divertive is equal to 1.
The fractional derivative is considered in the
Caputo sense. Given example has been solved
in two different cases. The results make known
the applicability and accuracy of the practice.

Key Words: integro-differential equations,
fractional calculus, Generalized  differential
transformation  method, linear  Integro-
Differential Volterra —Fredholm equation .
Introduction:

In recent years, there has been incessantly
reformed attention in integro -differential
equations .Many mathematical models of
physical phenomena create integro-differential
equations e.g fluid dynamics, biological
models and chemical Kkinetics [2],[5].
Electromagnetism,  acoustics,viscoelasticity,
electrochemistry and material science are also
well-described by  fractional integro-
differential equations [1],[4],[5].[7]. Due to

the frequent applications of fractional calculus
( a mathematical branch investigating the
properties of derivatives and integrals of non-
integer orders) [8] , in varied fields, the
solution techniques for fractional differential
equations of a range of forms and classes,
carry on to draw increasing attention from
many researchers. Since the fractional
calculus comparatively a new subject in
mathematics, Many numerical methods and
techniques give an acceptable approximation
solution or semi- analytic[21],[22]. Some of
these methods are Adomian Decomposition
method (ADM), Variational Iteration method
(VIM), Homotopy analysis method(HAM),
homotopy perturbation method (HPM) and
Differential Transform method (DTM), [18],
[19].

Differential Transform (DT) has taken the
shape of an important and convenient
tool.In(1980) G.E. Pukhov used differential
transform in numerical methods to solve
fractional differential equations for the first
time[12],[13]. In (1986) Zhou used (DTM) in
electric circuit analysis[17],[28]. Since then,
(DTM) was success-fully applied for a large
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variety of problems. A few researchers
involved with fractional Volterra-Fredholm
integro-differential equations and treated this
type numerically and this study present for the
first time the Generalized differential
transformation method as a numerical tool to
solve this type of equations so we structure a
technique that disclaimed later and give a
good example to show the obtained results

with table of different values of t in different
cases of fractional derivatives of S.

One can characterized the out lines of this
paper as: Frist section shows some basic
concept that we will need. section tow
described GDTM Technique. illustrated
example solved in tow cases with table of
results and diagrams in section three
conclusions are proposed in section four.

1. basic concept
Definition (1.1 )(Caputo Fractional Derivatives Dg),[8],[15],[25]:

Let f(t) € C}} [23] that is defined on the closed interval [a,b], the Caputo fractional derivative of
order o> 0 of f is defined by:

([ 1 ft £ ()
—dt, n—1<a<n, neN
DE f(t) = Jlr(n ;na) a (t—mern (1.1)
k Ff(t)' a=n, n €N

Definition (1.2 )(Riemann-Liouville Fractional Intrgrals),[20],[23],[27]:
Let f(t) € C;; that is defined on the closed interval [a,b], Riemann-Liouville Fractional integral of
ordera> 0 of f is defined by:

1 t
Jf(t) = mja f()(t—1)% tdt (1.2)
Definition(1.3)(Gamma function),[13], [14],[16],[27]:

The complete gamma function I'(t) is also known as generalized Factorial function. It is defined
by using the following integral:

I(t) :fooo St1e=SdS, t>0 ,S any variable (1.3)

(1.4)(Properties of Gamma function), [14],[16]:

Qreg+1n) =tr)y t>0
(2) T'(t) = (t — D!tis positive integer, convention: 0! =1

@)r;=vn

Definition(1.5 )(Differential transform DT),[2],[3],[12],[24];
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The differential transform method is a numerical method based on the Taylor series expansion
which constructs an analytical solution in the form of a polynomial. The traditional high order
Taylor series method requires symbolic computation. However, the differential transform method
obtains a polynomial series solution by means of an iterative procedure.

Fractional Differential transform can be defined as:

( ko 1 ldgf(x)

F(k)= '(a) axt/c
¢ 7+,0

Where a is the order of fractional derivative[4],[6]: .
And We define the generalized differential transform of the kth derivative of function f(t) in one

L=XO for k=0,1,...,(qa-1) (1.4)

variable as follows, [6]:: F(k) = - (afm) [(D"t‘u)kf(t)]hto (1.5)

where (D% K = DE.DY ... D & k-times and the differential inverse transform of F(k)is defined as

follows:  £(t) = X% Fo () (t—t )" (1.6)

(1.6 )(Properties of GDTM),[9],[10],[11],[26]
1-1f f(t) = g(t) £ h(t), then F(k) = G(k) + H(k).
2-1f f(t) = ag(t), then F(k) = aG(k), where a is a constant.
3- If f(t) = g(t) h(t), then F(k) = ¥i,G() H(k—1)

4-1f f(t)=g; (D)2 (1), w.v o...., n_1 (), (1), then
=2k, o T e T ZE ) Ga (k) Gk — Ky e Gy (Knoq — Kno2) G (K —
K1)

5- If f(t)= D g(t), then F(k) = %G (k+1)

1lifk=0

61 f()=(t —t )" then  F(9 = & (k —£) where 800 = {11 T 0

_qt G (k—g) 1

7-If f(t)_ﬁc g(t)dt ,then F(k) = TWhere k > >
i [ ko H(k) 1
8-If f(t)—g(t)ft h(t)dt thenF(k) = Zk 1 TG(k —k;) wherek > =
o 1== aKq o

o

9- If f(t)= ftf hy (Ohy () o oo . h,_,(Oh,(t)dt, then
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1 1
P00 = S0 B3 S Hy oMy Cks ki) Hocs (koms — ko — 2] k2 2.

10- If f(1)=[g, (g2 (D) ... +8m-1(D8m (D] f h; (©h; (V) ... h,_1 (Dh, (Ddt,
then F(k) = £ —- 5 1z SByE welayint Gi(iy) Gyliz — ip) o G (imo1 —

im-2)Gm(k —im-1 — k1) X HiG)H2G2 —j1) oo - Hym1 Qo1 — jn—2)Hn(Ky —jn-1 — _a) )

wherek > 1/a.

11- Iff() = [Ch () dethenF(k) ==+ (k) = (k 1)wherek>

ak

12- For special functions that may used : If f(t) =e*t then F(k):%’:

(2) Solving Linear Volterra-Fredholm Integro-Differential Equations of Fractional order
Using GDTM Technique
This section gives GDTM technique to solve linear Volterra-Fredholm integro- differential
equations of fractional order. Consider the L-FFVIDE .

DP u(t) = f(© + A, f

0
With initial condition u(@)=a , 0<pB<1,A ,A, € R, DE u(t) denotes the Caputo
fractional derivative of order B for u(t) ,f(t)is contiuous function with f(t) € C],t €
[a, b]. To solve equation (2.1) using GDTM ,one can take the differential transform for both
sides of equation (2.1).According to GDTM s properties in (1.6 ),the terms of equation (2.1)
can be transformed as follows:

t 1
Ki(tx)u (x)dx+ A, f K,(t,x)u (x)dx (2.1)
0

I'(ak+B+1)

N
1- D¢ u(t) transformed to okt D)

UCk+ 5)
2-f(t)transformed to F(k)
3-\ fot K;(t,x)u (x)dxtransformed to iU ( k, — i) A F{Ki(t,x)},as additional step to

transform Fredholm equation part is as follows:

fol K,(t,x)u (x)dxtransformed to (k) i U (k2 - i) A, F{K,(t, %)}
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Once again, these two parts of the transform k satisfy k > % , keeping in mind what is suitable
for each function in terms of transformation. Next ,we can characterize the new equation to find
U( k+§), k=0, ...,n.such that

I'(ak+1)

By _
U(k+a) o T'(ak+B+1)

[FQ) +=U (k = 2) F{K, (6 01+ 80) = U (k, — =) 2, F{K(t%))]

(2.2)
For the cases solution for the types of the derivative order , we have two cases:
Firstcase WhenB =a =1
To transform the initial condition of equation (2.1) we need to use the following relation at
t=a

If ak € Z* U(ko)=a%*i—l:
Uk.) = Vke =0,..,n (2.3)
If ak & Z* Uke) = 0
where ke = B 1, at t=0.

=
It is clear that ke = 0 in this case, and by substituting § = a = 1 the value of U( k+ g) will be

U( k+1) . Next substituting k values in the obtained equation V k = 0, ...,n. One can find the
values of U( k;+1) Vi =0, ...,n which present the transformed series of U( k;+1) ,after this
depending on the derivations of equation (1.6) in properties (1.6 ).Taking the inverse transform
by using the following relation :u(t) =Y, UK (t—t)*t,=0 a=1,ut)=
S UCktek

We get the semi analytic solution for equation (2.1) in series form.

Second case When B is fractional

In this case selecting a must satisfie:

o a <Bf-1.
. B ezt
[0

By the same way we can substitute values of § and o in U( k+ g),k =0,...,n.and apply the
same steps to obtain the transformed initial condition using equation (2.3) . Then, we take k

valuesVk =0, ..., n, to find U( k;+ E)Vi = 0, ..., n. after this, we take the inverse transform:
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u®) =Y, U(k(t—t)* t =0 ,aisfractional , u(t) =Y, UKt

to obtain the approximation solution for the original equation (1.9) in series form. Next to
illustrate the solution procedure and show the feasibility and efficiency of the GDTM we have
applied the method . Next, we solve Volterra’s population equation using GDTM in two different
cases.

(3) Application example

ConsiderL-FVFIDE Dfu(x) = 2e* — 1+ [Ju(D)dt + [, u(t)dt (3.1)

With initial condition u(0)=0 And the exact solution givenin[ 1] as  u(t)= tet

To solve the equation (3.1) by using GDTM technique , and the properties given in (1.6) we
get transformed equation below :

T'(ak+B+1)

By =2 _ ERTT ! PR
U (k+8) = 2 - 800 + U (k- 3) + 800 Uk —3) With k=~

B _ I'(ak+1) E_ i _l i _l
u (k + E) = feaapep w800 + L Uk = )+8(k) L Uk — )] (3.1a)

First case:
put a = =1,whichmeans k=0 then U(0) =0
Then substituting a and B values in equation (3.1.a) we get:

k+1 2

2 - 8(k)
Ik+2 k!

8(K) +—U(k— 1) +>2U(k — 1)] (3.1.h)

Uk+1) =
Substituting k values in equation (3.1.b) vk=10,1,2,..

For k=0 then U(1) =1, For k=1 thenU(2) =1 ,Fork=2 then U(3) =%

And by the same way we can find that U(k + 1) =% vk >3 .Now to get semi analytic

solution for equation (3.1) formed in a series form applying the inverse transform of equation
(3.1.0): u(®)=Y, UK (t — )™ t,=0, a=1,u(t) = ¥, UItE
u(t) = [U0) + U(Dt+ UR)t2 + UGB + UM@)t* + UGB + U(6)t8 + -+ + U(n)t ...

_ 24 Y3, e s e, 401 in
ult) =[0+t+t Sl M vl S bl e v +(n_1)!t +....

- 12,13, 14 15, 4+ 1.n
u(t)—t[1+t+2!t +o ot o+ +(n)!t +....

Then u(t)=te‘and this is exact solution.

Available online: http://edupediapublications.org/journals/index.php/IJR/ Page |1443




International Jo um.’:l of Res:

International Journal of Research p-ISSN: 2348-6848

\K Available at e-ISSN: 2348-795X
https://edupediapublications.org/journals Volume 04 Issue 06

%:/_/ IJR September 2017

Second case: For this case one can select the value of fas: f = 0.5 = % and a=025=1/4

To find k, : k= g — 1 Which means k, = 0,1 then U(0) =0 , U(1) =0

By substituting B and a values in equation (3.1a) we get
1

Uk )= et~ 800 + U 509 5 UGk — D]
U(k+2)= ;gig (ki —8(k) + 2 U(k— 4) + () LUk — 4) ) (3.1.c)

Once again, substituting k values in equation (3.1.c) vk =10,1,2, ...

_ r(2
For k=0 then U(2) = \/—é , For k=1 then U(3) = 2 (4)

rz)

And by the same way we can find U(4),U(5),... Vk > 2
Again applying the inverse transform of equation (3.1.c) to get the approximate solution for

equation (3.1) formed in series form: u(t)=Y, U(K) (t — to)** t,=0, a = i U= k0 U(k)tik
Then u(®=U(0)t* + U(D)t: + U2)t®3) + U@t + @t )+u) ) + ..+

o™ +

or() s ), 1 2,
"O=) )

Finding the arbitrary value of t for any fractional derivative order $ and calculate it:

For B = 0.8 then a = 0.2 .By substituting § and a values in equation (3.1.a) we get

Uk +4) = "(5+1) [ = 8(k) + 2 U(k — 5)+8(k) = U(k — 5)] (3.1.d)

(5+§ )
For example take k=0 then: U(4) = 1.0737. and by the same way we can find
U(5),U(6),...,U(10) vk =1, applying the inverse transform of equation (3.1.d) to get
approximate  solution for equation (3.1) formed in a series  form: uft) =

Y UMt, =0, a= % u(t) = U(0) t° + U(1)t§ + U(2)t§ + U(3) tsE +U(4) tg +U(5) t+

AU €5 4 -

For t=0.6 , B=0.8 ,a = 0.2. we can obtain u(t) = 2.39731180 .
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The illustrated value of u(t) colored as red in table (1) below ,one can find the other entries
values of table (1)by the same way.

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
Nodes 0..1

Figure (1):Comparison between the exact solution and approximate solution of the example using GDTM
when N=3 ,4=1

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
MNodes 0..1

Figure (2):Comparison between the exact solution and approximate solution of the example using GDTM when N=10,

B=1
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********** B=0.5

—#—— B=0.75

—%— B=0.9

Figure (3):Comparison between the approximate solutions of the example using GDTM when N=10 for

different values for the fractional divertive 8

Table (1)shows the results of t values for the linear Volterra-Fredholm integro- differential equations of
fractional order example solved using GDTM after considering different values for the fractional order

divertive 8

2 50000000 2 71828153 5 37286612 4 27731483 4 02082787 2 94245567
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[5].Boyadjiev, "Fractional Intrgo-

4, Conclusion:

This method has been successfully applied to find the
approximate solution of linear Volterra —Fredholm
integro- differential equations of fractional  order.
Generalized Differential Transformation Method has
been employed for first time to solve this type of
equations yet its provides more sensible series solutions
that converged very rapidly in real physical problems.
Also its a straightforward tool that may use to solve
many types of integro- differential equations of fractional
order that modeled to described physical and engineering
real life problems.
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