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Abstract:

The purpose of this paper is to introduce and discuss the concept of d-best approximation in
2-normed almost linear space. A concept of d-orthogonality in 2- normed almost linear space
is also introduced and the relations between these two concepts are obtained in this paper.
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1.Introduction

Diminnie, R. Freese [1] and many others developed new concept like linear 2-normed
space.The notion of an almost linear space (als) was introduced by G. Godini [2]-[6]. All
spaces involved in this work are over the real field R.S. Gahler, Y.J. Cho, C. S. Elumalai, R.
Vijayaragavan [12]-[13] established some characterization of best approximation in terms of
2-semi inner products and normalized duality mapping associated with a linear 2-normed
space. Basing on this we introduced a new concept called2-normed almost linear spaceand
established some results of best approximation in 2- normed almost linear space[17] andsome
results of best simultaneous approximation in 2- normed almost linear space [18] . Mehmet
A cikg oz [16] introduced the concepte-Approximation in generalized 2- normed linear space
and established some results. Basing on this we introduced a new concept calleds- Best
approximation in 2-normed almost linear space in this paper and we established some results
on &- best approximation and - orthogonalisation in  2- normed almost linear space.

2.Preliminaries
Definition: 2.1. Let X be an almost linear space of dimension> 1 and||| .|| XX X—= R

be a real valued function. If ||| . ||| satisfy the following properties

) Il o, B |||=0 if and only if a and B are linearly dependent,

i) o BAI=1IB, alll,

i) [[lac, Bl =laf [lle B,
V) Il a, B |ll < [l o, B-y [I[ + I 0, v-6 || for every a, B, v, 5 €Xand a € R.

8- Best Approximation in 2-Normed Almost Linear Space T. Markandeya Naidu& Dr. D. Bharathi
Page | 1066


mailto:tmnaidu.maths@yahoo.co.in
mailto:bharathikavali@yahoo.co.in

Aﬁ
[y% kURInternationaI Journal of Research (IJR) Vol-1, Issue-10 November 2014 ISSN 2348-6848

then (X,|||.|||) 1s called 2-normed almost linear space. m

Example: 2.2. Let X= R". Leta, B €X. Thena =(a; a; az ....... ,a,) and
B = (B1.B2.B3,.Bn)- Define [l a, B Il = Xicj (@i B; — Biay; )*then ||| . ||| satisfies
all the properties of 2-normed almost linear space. Hence (X, ||| .||| ) is 2-normed

almost linear space. m

Example: 2.3.Let X = R". Leta, B €X. Then a =(ay a, a3 ....... ,a,) and
B = (B1.,62:83,---... ,Brn). Define ||| a, B ||| = \/Zi (a; — B; )%then also ||| . ||| satisfies
all the properties of 2-normed almost linear space. Hence (X, ||| .||| ) is 2-normed

almost linear space. m

Example: 2.4. Let (E||| . ||) be a normed linear space. Let X={a € E: a =0}.Then X
isan als. Define ||| a, B ||| = || @, B || Where || .|| is 2- normon E. Then ||| . ||| satisfies
all the properties of 2-normed almost linear space. Hence (X, ||| .||| ) is 2-normed
almost linear space. m

Definition: 2.5.Let X be a 2-normed almost linear space over the real field R and G a
non empty subset of Vy . For a bounded sub set A of X let us define

) radg(A) =infgecSupqea lll X, a-g ||| for every xeX\Vy and 2.1
i) cent;(A) =g € Gisupgeqlll X, a-go ||| = rads (A) for every xex\Vy.2.2

The number rad;(A) is called the chebyshev radius of A with respect to G and an
element gqe cent;(A) is called a best simultaneous approximation or chebyshev
centre of A with respectto G. m

Definition: 2.6. When A is a singleton say A= {a}, aeX\G then rad;(A) is the
distance of a to G, denoted by dist(a,G) and defined by

dist(a,G)=infy |l[x,a-9||| for every xeX\Vy2.3

and cent;(A) is the set of all best approximations of ‘a’ out of G denoted by P, (a)
and defined by P;(a)={g, € G : [||x,a-g¢|||=dist(a,G),for every x € X\Vy} 2.4

8- Best Approximation in 2-Normed Almost Linear Space T. Markandeya Naidu& Dr. D. Bharathi
Page | 1067



&?_gj{lntemational Journal of Research (IJR) Vol-1, Issue-10 November 2014 ISSN 2348-6848
Definition: 2.7.Let X be a 2-normed almost linear space. The set G is said to be
proximinal if P;(a) is nonempty for each aexX\ly .m
It is well known that for any bounded subset A of X we have
Drad;(A)=rad;(Cy(A))=rad;(A)
ii) cent; (A)=cent;(Cy(A))=cent;(A)
Where C, (A) stands for the convex hull of A and A stands for the closure of A. m
Definition: 2.8. Let X be a 2-normed almost linear spaces and ¢+ G cVy. We define
Rx(G) =X in the following way a € Ry(G) if for each g€ G there existsv, € Vy
such that the following conditions are hold

i) Il , a-g |l = |l X, vg-g ||| for each v, € Vx2.5

i) ([ a-v || =] X, vg- v ||| for every xeX\ Vy. 2.6

We have VycRy(G).
If G1CG2 then Rx(Gz) CRX(Gl) |
3.Main Results

Definition: 3.1 Let X be a 2- normed almost linear spaceover the real field R
and G a nonempty subset of Vx and & > 0. Apoint g, € G is said to be d- best
approximation to a €A (a bounded subset of X) if ||[x,a—gq ||| £/l[x,a—g ||| + o
forall g € G and xeX\Vy. m

Definition: 3.2 For a €A, the set of all 5- best approximation to a in A denoted
by P;(a,0) is defined asP;(a,0) ={ gy €G : [||x,a—go ||| <l[Ix, a—g ||| + o,for all g
€ Gand xeX\Vy }.m

Theorem:3.3Let G be a subspace of a 2-normed almost linear space X. Then the
set P;(a,0) is bounded.

Proof: Letg;,g, € P;(a,0) anda € A, then |||[x,a—g; ||| <ll[x, a—g ||| + ¢ and]||x,
a—g- |l <lllx,a—g ||| + o,for all g € G and xeX\Vx.

Now [l[x, g1 — g2 Il = lIIx, g1—a+a—gz [lI<llix, a—gq Il + llIx, a— g2 |l
<lix,a—glif+8+lx,.a-glll +3
<2|x,a-g|ll +25
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<2d(x, G) +256 = M.

Therefore |||x, g1 — g2 ||| £ M.

Hence P;(a,0) is bounded. m

Theorem: 3.4 Let G be a subspace of a 2-normed almost linear space X anda
€A. Then the set P, (a,0) is convex.

Proof: Letg,,g, € P;(a,0) and 0 <A<1,then|||x,a—g¢ ||| l[lx,a—g ||| + d and |||,
a—g- |l £lllx,a—g ||| + o,for all g € G and xeX\Vx.

I, a—{Ags+ (1-A)g2} Il = lI[x, a -Agq1— g2 +Ag:|l
= [lIx, @8 -Ag1— 82 +Ag2+ AaAa |

= llIx, A (@a—gq) + (1 -A) (a— gl
<h(llix,a=glll+8)+ @A) (lix,.a=gl+3)
<lix,a—g |l +3

This implies Ag;+ (1 -\)g, € P;(a,9).

Hence P;(a,0) is convex. m

Definition: 3.5 Let X be a 2- normed almost linear space, 6 > 0 and a, beA. We
call a isd — orthogonal to b and is denoted by a +5 b if and only if|||x, a+ Ab |||
+32|||, a|| for all scalars |A|< 1.m

For any subsetsG;,G, of X,G;+5G, if and only if g;+5g, for all g; € Gy,
) € Gz. |

Theorem: 3.6 Let X be a 2- normed almost linear space and G be a subspace of
X and 6 > 0.Then for all a€A, g, € P;(a,0) if and only if (a —gy)+5s G.

Proof: Suppose g, € P;(a,9).

Putg; = go—Agforge Gand A< 1.

Since g € P;(a,0) and g; € G we have |||x,a—go ||| <llIx,a—gq ||| + 0
<llix,a—(go—Ag) [l +9

<[lix,a—go +Ag) Il +8
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This implies (a —gg)+s G.

Conversely let (a —gg)+s G, then ||[x, a—go ||| S/|[x, @a — go + Ag]|| + o for all |A|<
land g, €G.

For any g € G by putting g; = g, — g and A =1 the last inequality implies
[IIx, a—go lll <lllx, a—g [I| + 8.This implies g, € P;(a,5). m

Definition: 3.7 Let X be a 2- normed almost linear space and G be a subspace of
X and & > 0.Define Gs={a €A :||x all| <|[|x,a—g ||| + 5 foreveryg € G}={
aceA:a+; Gl =

Lemma: 3.8 Let G be a subspace of a 2-normed almost linear space X. Then for
all a eAand all & > 0 we have g, € P;(a,8) if and only if (a—g,) € Gs .

Proof: By theorem 3.6 we have g, € P;(a,0) if and only if (a —gy)+s G.
By the definition of G we have (a—g,)~s G if and only if (a—g,) € Gs .
Now (a—gy)+s G implies g, € P;(a,0) by theorem 3.6.

Therefore g, € P;(a,8) if and only if (a—g) € G5 . m

Theorem: 3.9 Let G be a subspace of a 2-normed almost linear space X, 6 >0
and 5>\ Then G € G, < Gs and NGs = G for all 5> 0.

Proof: Let a €G then |||x, a ||| <|||x, a— g ||| for all g € G and XxEX\Vx.

Now [[[x, a [|| <[[[x, a — g [[| <[[[x, a— g [I| + A,(A> 0).

So we have a € G, .

Hence G c G, 3.1
Leta € Gythen [l[x, a [l <llix,a—g [l + Asllix,a—g ||| + &, (5> 0).

This impliesa € Gg .

Therefore G, < Gg 3.2
From 3.1 and 3.2 we have G € G, < G5 . 3.3
Now we prove that NG = G for all 5 > 0.

From 3.3 we have G €NGg for all § >0 3.4
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Let a NG for all § > 0.

Then for all § > 0,0 <|||x, a ||| <[|[x, a—g ||| + & for all g € G and xeX\Vx.
Now O <|||x, a ||| <[[|x, a—g ||| + %for every n € N,for all g € G and xeX\Vy

Asn— oo, |||x,all gl[lx,a—g]|||, for all g € G and xeX\Vx.

Therefore a €G.

Hence NG5 <G, forall §>0 3.5
From 3.4 and 3.5 we have NGs =G forall 5> 0. m

Theorem: 3.10 Let G be a subspace of a 2-normed almost linear space X. Then
)If6d>0,ae Aandge Ganda-+tgsgthena-, g forallex6 and ii) Ifa-t5 g
and |[A|<1lthenAa +sAQg.

Proof: i) Letd > 0,a € Aand g € G and a5 g then by definition 3.5 we have
Ix, alll lllx,a+A g ||| + 6 when |A| <1 and s> 0.

Then [||x, a ||| £/[[x, a +A g ||| + 6<|||x, a +A g ||| + € (since £25).

Therefore a -, g.

i) Letats gand|Y|<1then||x, all<|l[x,a+Yg]||+0 3.6

Multiplying both sides of 3.6 by | A | we get
[ Al alll < Allix, a+Y gl +[A[d<[l]Ax, Aa+AY g || +]A[

<lAx,Aa+ug|+3 and so [[Ax, Aalll <[lAx, Aa+ugll
+ 0.

Therefore ha ~sA Q. =

Theorem: 3.11Let G be a subspace of a 2-normed almost linear space X.
If >0, a € A and ex6then P;(a,0) < P;(a,¢).

Proof: Let g, € P;(a,8) then by definition 3.1 we have
X, a—go || S/lIX, a—g ||| + 6 for all g € G and xeX\VVand 6 > 0.

Then [[)x, a—go [l llx,a—g il + 8

<||Ix, a—g ||| +& (since £>9)
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Therefore g, € P;(a,¢).

Hence P;(3,0) € P;(a,€). m
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